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Alternans and higher-order rhythms in an ionic model of a sheet
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Life-threatening arrhythmias such as ventricular tachycardia and fibrillation often occur during
acute myocardial ischemia. During the first few minutes following coronary occlusion, there is a
gradual rise in the extracellular concentration of potassium ipKS {,) within ischemic tissue.

This elevation of K* ], is one of the main causes of the electrophysiological changes produced by
ischemia, and has been implicated in inducing arrhythmias. We investigate an ionic model of a 3
cmx3 cm sheet of normal ventricular myocardium containing an ischemic zone, simulated by
elevating[ K" ], within a centrally-placed 1 cxl1 cm area of the sheet. AKX ], is gradually

raised within the ischemic zone from the normal value of 5.4 mM, conduction first slows within the
ischemic zone and then, at highét™ ], an arc of block develops within that area. The area distal

to the arc of block is activated in a delayed fashion by a retrogradely moving wavefront originating
from the distal edge of the ischemic zone. With a further increa$&ifn],, the point eventually
comes where a very small increasé " ], (0.01 mM) results in the abrupt transition from a global
period-1 rhythm to a global period-2 rhythm in the sheet. In the peripheral part of the ischemic zone
and in the normal area surrounding it, there is an alternation of action potential duration, producing
a 2:2 response. Within the core of the ischemic zone, there is an alternation between an action
potential and a maintained small-amplitude respdrsg0 mV in heighj. With a further increase

of [K*]y, the maintained small-amplitude response turns into a decrementing subthreshold
response, so that there is 2:1 block in the central part of the ischemic zone. A still further increase
of [K*], leads to a transition in the sheet from a global period-2 to a period-4 rhythm, and then to
period-6 and period-8 rhythms, and finally to a complete block of propagation within the ischemic
core. When the size of the sheet is increased to A 4rom (with a 2 cmxX2 cm ischemic aréaone
observes essentially the same sequence of rhythms, except that the period-6 rhythm is not seen. Very
similar sequences of rhythms are seeffi&$], is increased in the central regi¢h or 2 cm long

of a thin strand of tissué3 or 4 cm long in which propagation is essentially one-dimensional and

in which retrograde propagation does not occur. While reentrant rhythms resembling tachycardia
and fibrillation were not encountered in the above simulations, well-known precursors to such
rhythms (e.g., delayed activation, arcs of block, two-component upstrokes, retrograde activation,
nascent spiral tips, alterngnsere seen. We outline how additional modifications to the ischemic
model might result in the emergence of reentrant rhythms following alternan06® American
Institute of Physicg.S1054-150000)00102-9
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Heart attack, a leading cause of death in the industrial-
ized world, is most often caused by a reduction in the
flow of blood to the heart muscle (“myocardial is-
chemia”), typically as a result of blockage of one or more
of the coronary arteries (“coronary occlusion”). When
the ischemic episode is sufficiently long and intense, car-
diac muscle dieg(“myocardial infarction” ). However, an
individual can sometimes die within the first few minutes
following the onset of ischemia (“sudden cardiac
death”), before heart cells have a chance to die. Death in
this situation is due to a disturbance in the rhythm of the
heartbeat (“cardiac arrhythmia” ) that renders the
pumping action of the ventricles ineffective. It has been
known for many years that during acute myocardial is-
chemia this phase of malignant reentrant ventricular ar-
rhythmias (especially ventricular tachycardia and fibril-
lation) is often preceded by a phase in which there is a
beat-to-beat alternation in the electrical activity of the
heart (“electrical alternans” ). It has been suggested that
alternans is the result of a supercritical period-doubling
bifurcation, while fibrillation might be chaotic behavior
resulting from a subsequent cascade of period-doubling
bifurcations as the ischemia becomes more profound.
However, the exact nature of any causal relationship be-
tween alternans and fibrillation has not yet been demon-
strated. Due to the rapid progression of events during
ongoing myocardial ischemia, it is very difficult to sort
things out in experimental work. We have therefore used
numerical simulations with a spatially-distributed ionic
model of ischemic ventricular muscle to investigate more

exactly what happens as ischemia progresses. While we

find that alternans and higher-order rhythms occur in

the model as ischemia progresses, we have not been able

to produce sustained spiral-wave activity corresponding
to reentrant arrhythmias such as ventricular tachycardia
and fibrillation. Nevertheless, we do see several of the
other phenomena that commonly occur just before such
arrhythmias make their appearance.

I. INTRODUCTION

Arce et al.

deed, there is now a device commercially available that
quantifies the degree of occult alternans present in the elec-
trocardiogram using power spectral analysis in an attempt at
risk stratification!

Despite the close temporal relationship of alternans with
arrhythmias, it is not clear whether there is any direct causal
relationship—i.e., whether the alternans is inseparably in-
volved in generating the arrhythmias or is merely an epiphe-
nomenon having little or nothing to do with the induction or
maintenance of the arrhythmias. Particularly intriguing in
this context is the fact that various alternans rhythms have
been associated with supercritical period-doubling bifurca-
tions in several other situations in cardiac electrophysiology
not involving ischemia, and that a cascade of such period-
doubling bifurcations can result in chaotic cardiac
dynamics*?*~! In addition, the marked irregularity of ven-
tricular fibrillation has naturally lead to deliberation on
whether or not it might be chaoti€;>>~>®perhaps being a
manifestation of multiple-spiral-wave chads®!

However, the fundamental mechanisms underlying is-
chemic alternans are still to a large extent unknown. Because
of the somewhat intractable problems inherent in addressing
alternans and arrhythmias in experimental w@ack of sta-
tionarity and reproducibility of phenomena during ongoing
acute myocardial ischemia, difficulty of recording transmem-
brane potential from many sites on a fine spatial scale with-
out artifact, inability to record intercellular flows of currgnt
we decided to carry out a numerical study using an ionic
model of ventricular muscle from which these drawbacks are
expressly excluded.

IIl. METHODS

Ischemic ventricular arrhythmias are caused by alter-
ations in the normal electrophysiological properties of ven-
tricular muscle. These changes include depolarization of the
resting membrane potential, fall in the overshoot potential
and action potential amplitude, shortening of the action po-
tential duration, slowing of the upstroke velocity and the

Beat-to-beat alternation of the morphology of the elec-conduction velocity, and the appearance of post-repolar-

trocardiogram, electrogram, or transmembrane potentiakation refractorinessfor reviews see Refs. 62, B3These
(“electrical alternans’] has consistently been associatedabnormalities are caused by the effects on ionic currents of
with ventricular arrhythmias in several different situatidrfs. several disturbances produced by ischemia: e.g., hypoxia,
In particular, there is considerable clinical evidence that alacidosis, increased extracellular potassium concentra-
ternans is a frequent occurrence during episodes of acute®n.®2-% Perhaps the single most important factor is the in-
myocardial ischemi&: 13 There is also overwhelming experi- crease in extracellular potassium concentratidiK (],)
mental evidence for electrical alternans duringwhich can go from the normal value 6f4—5 mM to as high
ischemig>-9:12:14-36 as~15 mM in the core of the ischemic zone within the first
The onset of alternans is very rapid, typically occurringfew minutes following coronary occlusidfi®® At all sites
within the first few minutes following coronary artery occlu- within the ischemic zone, there is a high correlation between
sion, and ventricular arrhythmias, including premature beatthe degree of electrophysiological impairment and the local
and ventricular tachycardia and fibrillation, often start soorrise in[K*], (e.g., compare Fig. 4 in Ref. 67 with Figs. 7
after the onset of alternans. The close temporal association ahd 8 in that paper In addition, regional coronary artery
alternans with arrhythmias has led to the suggestion thaterfusion with a highk ™ solution mimics much of the be-
alternans—perhaps of an amplitude too small to be detecteaavior seen during acute myocardial ischemia, including al-
by the naked eye on the electrocardiogram—be monitored agernans and ventricular arrhythmi@€3-5°we decided there-
a harbinger of the impending arrhythmfas®12133237=%n_ fore, as in previous work] to model the ischemic ventricle
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TABLE I. Periodicity of rhythms as function diK* ], (mM) (MA cm*2) given by the LR model. We use an explicit
Sheet Strand integration scheme, with forward Euler integration for the
Period (3 cmx3 cm) (3 cmx0.125 cm internal calcium concentration, and an exact analytic formula
1 9.00—13.39 9.000-13.104 fo'r the acti\{ation apd inactivation variablé®r further de-
2 13.40—13.69 13.105-13.380  tails of the integration scheme, see Ref).7Dhe temporal
4 13.70-13.72 13.400-13.430  integration step-sizeAt) is 0.025 ms and the spatial inte-
6 13.729-13.733 13.435-13.450  gration step-size Ax=Ay) is 0.025 cnt® The one-
8 13.734 13.455 dimensional space-constant Is=(R,,/pS,)*?=0.06 cm,
Complete block 13.735-14.000 13.460-14.000

whereR,, is the specific membrane resistar{@e5 K)-cn?

at the nominal LR value dfK *], of 5.4 mM). The diffusion
constantD=1/(pS,C)=10"2 cn? ms !, so that the von
Neumann linear stability criteriop(Ax)%/At>4D] is satis-
ied. This integration scheme results in a planar-wave propa-
gation velocity from infinite-rest initial conditions of 55 cm

as a two-dimensional sheet of normal myocardium with a
area of elevateiK "], embedded within its interior to rep-

resent th? |schem.|c zone. . .. s 1 which increases by 13% to 62 cr’swhen a 2.5 fold
The first step in modeling is to choose a particular ionicg o space—time discretization grid is useMt€0.01 ms

model Ofl nt())lrmal ventrlctLrJ]IarI_Tgsgeffro&nNthﬁ many r_?%elsand Ax=Ay=0.01 cm. The maximum upstroke velocity
now available(see, e.g., the listin Ref. JOWe have avoide from infinite-rest initial conditions is 343 V. Simulations

using one of the more recent “second-generation modeI§Nere carried out on Pentium P00 MH2) and Silicon-

that have the sodium—potassium pump, the sodium—calciur&ray Origin 2000 machines using programs written in C
exchanger, and internal calcium handling since there ar?~16 significant decimal placks

complications with this class of models involving long-term
drifts of ionic concentratiofd~"® and degeneracy of
equilibria/*"> We haé\[/ie selected the Luo and Ru@yR)  Ill. RESULTS
first-generation m largel it hagk*
D asrta?neetZr?tvshi Choicsi esa'lsegr?tiéll bf%(;ang rrt1 odaflli(ng]ooﬁ fhz is. We investigate the propag:_:ttion of the action potential in
chemic zone. a 3 cmx3 cm square of ventricular musc(@20x120 nu-
One deficiency of the LR model, which is carried overmerical .grid _With a centrglly pIaceq L .le cm ischemic
from the Beeler—Reuter model from which it was derived, iszo'ne(g'nd-pomts 40 t(.) 80in .bOth dwgghohsSUmulagoq of .
that one can obtain unphysiologic spike-like action potential§hIS quiescent sheet IS provided by '”J_ezc“”g a pe_rlodlc_ train
of extremely brief duration at a relatively long diastolic in- of current pulse§ampl|tud_e:300,uA cm “=twice diastolic
terval when the stimulus amplitude is low. This artifact oc—threShOId’ duratiom1 ms into the column of elements along

curs because the time constant for activation of the caIciuntPe left-hand edge of the sheet at a basic cycle le(B@L)

current () is about an order of magnitude too large in '[he,Of 400 ms, Wh'Ch is in the mlddle of _the range of pacing
LR model. To minimize this artifact, which can manifest intervals typically employed in experimental work on is-

; ; 18,21,29-32,37 ;
itself when excitability is low in an area of elevatgd*],, chemic arrhythmiag300-500 m A series of

. . T . .
we have decreased the time constant for the activatid of Zlmulqtlon runsdwas ma: e, wifi ]IO .'tn :he |sdg?em|c area b
(7q) by a factor of 10, which then puts it into the physiologic €ing increased on e+ac nNew run. initial conaitions were ob-
range’®’’ This modification reduces the action potential du-t@ined at each nepk "], by setting the variables in both the

ration (measured from upstroke t60 mV on the repolar- normal and ischemic areas equal to their corresponding
izing limb of the action potentialin the standard LR space- space-clamped steady-state values and then allowing 1000

clamped model when paced at a basic cycle length of 400 mgs 1o pass to allow time for gqulllbratlon toyvards the
from ~290 ms to~237 ms, which is within the range of a§ymptot|c steady—sFa_te rest condition, at which time the first
values encountered in normal ventricular tissue paced at thg{lmulus pulse was injected.
basic cycle length in human beirf§s® and in the species A. 1:1 rhythm with orthograde propagation
most commonly used in experimental work on ischemic
arrhythmias>2°*°We have used the equations appearing in
Table | and the body of the text of Luo and Rudy991),”® t
together withRT/F=26.5 mV.

We model a two-dimensional sheet of isotropic ventricu-
lar muscle by the two-dimensional cable equation,

For [K™], not too high, the action potential propagates
hroughout the entire sheet. Figur@\} shows the activation
map of the transmembrane potentaat four different times
with [K™]o=12.0 mM in the ischemic zon@ark red corre-
sponds to the most depolarized potential, dark blue to the
most hyperpolarized: see the color-bar map at the extreme
rightin Fig. 1). At t=10 ms ¢=0 ms corresponds to the start
§+ a_yz , of delivery of the tenth stimulus pulse at BEK400 ms the

activation wavefront, which is traveling as a plane wave, has
whereV is the transmembrane potenti@hV), x andy are  not yet reached the ischemic af¢le leftmost panel of Fig.
spatial coordinates in the shdem), p is the bulk cytoplas- 1(A)]. As the wavefront penetrates into the ischemic zone
mic resistivity (0.2 k(2-cm), S, is the surface-to-volume ratio [the centrally-placed slightly depolarized area in light blue in
(5000 cm'1), C,, is the specific membrane capacitar@e  Fig. 1(A)], the conduction velocity falls, causing the activa-
uF cm 2), tis time (ms), andl,, is the total ionic current tion wavefront to become curvefFig. 1(A): t=30 mg.

FAVARNLY)

AYA
=pS, CmE'Hion
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A
10 ms 30 ms 40 ms 50 ms
20
B
10 ms 30 ms 40 ms 50 ms
-35 mV/
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C
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FIG. 1. (Color) (A) 1:1 rhythm with anterograde propagati¢fiK *J,=12.0mM in the ischemic zonejctivation mapgtransmembrane voltage as a function

of location in the shegtshowing propagation of the tenth action potential at B@I0O0 ms. The time indicated for each map is the time following the start

of injection of the tenth stimulus pulse. The calibration scale at right is for the transmembrane potential. Propagation speed is decreaseehiictherisc

(the light blue area in the leftmost papgiroducing delayed activation with respect to the normal zdB¢.1:1 rhythm with retrograde propagation
([K*1o=13.39mM in the ischemic zonelctivation maps showing that activation of a part of the distal end of the ischemic zone is markedly delayed. The
wavefronts propagating in the normal area above and below the ischemic zone now retrogradely invade it in an encircling ni@ye?seiod-2 rhythm
([K*]o=13.45mM in ischemic zoneYhe activation maps in the upper row pertain to the conducted asa(A), (B)], while those in the lower row pertain

to the blocked beat in which the core of the ischemic zone remains unexcited. A repolarization wave expands out from this unexcited area. TheIhythm is 2
in the unexcited core of the ischemic area, and 2:2 outside of this area.

This decrease in conduction velocity is associated with ancreasing depolarization of the resting membrane potential
reduced amplitude and upstroke velocity of the action potenas the proximal edge of the ischemic zone is approached and
tial [action potentialsa,b,cin Fig. 2(A) are taken from the traversed causes a gradual fall in the overshoot potential
corresponding locations in Fig(A)]. These two effects are (09, the peak voltage attained by the action poterjfid.

in turn caused by th& " -induced depolarization of the rest- 2(B)]. The action potential amplitudéhe difference be-

ing membrane potentigRMP in Fig. 2B)] and subsequent tween OS and RMPthus also gradually falls in the border
resting inactivation of the fast inward sodium current. Thezone(a thin annular region spreading out on both sides of the
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_90 P — — FIG. 2. 1:1 rhythm with anterograde propagation
0 150 300 o 150 300 0 150 300 ([K*]o=12.0 mM in the ischemic zone)A) Trans-
t(ms) membrane potential versus time from three positions
marked by X in the leftmost map in Fig. @) (x
=0.5, 0.975, and 1.5 cm fa, b, andc, respectively.
. . T T T (B) Overshoot potentidlOS) and resting membrane po-
B = 30 0s — tential (RMP) measured along a horizontal line passing
E I 7 through the points, b, andc in Fig. 1(A).
=-30f .
=} RMP -
% 5 10 15 20 25 30
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normal/ischemic boundayyas the ischemic zone is ap- the depolarized area surrounding this core that was activated
proached and enter¢Big. 2(B)]. Indeed, one even begins to earlier in the orthograde fashion. As time proceeds, this un-
see two-component upstrokes of the action potential towardsxcited core area shrinks in size very slowig. 1(B): bot-
the center of the ischemic zorj€ig. 2(A): tracec]. The tom row of panel§ being activated in a very delayed fashion
action potential duratiofAPD) also shortens significantly [maximum activation time of~100 ms in Fig. 1B) versus
within the ischemic zongFig. 2(A)]. However, as the distal ~40 ms in Fig. 1A)], producing the slowly rising action
edge of the ischemic zone is approached, the reverse procgsstential following the small-amplitude response in trace
occurs, with a gradual recovery of resting membrane potenef Fig. 3. Delayed activation is almost invariably seen during
tial, overshoot potential, action potential amplitude, APD,experimental work on ischemia, and is responsible for pro-
and conduction velocity back to their normal values as thalucing a fractionated electrogram at sites within the ischemic
distal border zone is traverséfiig. 2(B)]. There is therefore zone!6:19:27:28,30.8182
decremental conduction as the wavefront invades the is-
chemic zone and incremental conduction as it leaves.
Thus, for[K™ ], sufficiently small, the sheet as a whole
displays a global 1:1 activation pattern, with any given loca-  As[K "], is increased further, there is eventually a sud-
tion on the sheet being activated on each beat at a fixeden loss of the global 1:1 activation pattern. For the first
latency (“activation time”) following the stimulus pulse. time, there are now elements of the sheet that no longer
The maximum value of the activation time within the is- respond to each stimulus with an action potential. The cen-
chemic zone occurs at the central part of the distal edgdral core of the ischemic zone is activated only on alternate

C. Alternans

where it is~40 ms[Fig. 1(A): t=40 m4. beats, resulting in a local 2:1 response. The two rows of
panels in Fig. {C) show activation maps on alternate beats
B. 1:1 rhythm with retrograde propagation at[K"]o=13.45 mM(top row: conducted beat; bottom row:

o blocked beat On both the conducted and blocked beats, the
~As [Kf]o is raised further beyond 12 mM, the conduc- action potential decrements in amplitude as it enters and
tion velocity progressively falls within the ischemic zone, {raverses the proximal part of the ischemic z6tmacesa, b
but the global 1:1 activation pattern is maintained. Howeverin Fig. 4A) and Fig. 4B), respectively, as during 1:1
there eventually comes a point where there is a change in theyihm [Figs. 1A), 1(B), 2, 3]. However, there is a greater
activation sequence within the ischemic zone. Figu®)1 gegree of decrement for the blocked beat than for the con-
shows the situation &tk ™]o=13.39 mM: there is still a gycted beafcompare the two activation mapstat 35 ms in
global 1:1 rhythm, but the activation wavefront that had pre-gig. 1(C) and the two action potentials at locatibrin Figs.

viously successfully propagated through the ischemic zone Q'I(A) and 4B)]. The action potential on the blocked beat falls
alower[K "], [e.g., 12.0 mM in Fig. A)] is blocked within

the ischemic zone, creating an arc of conduction bldsg.

1(B): t=30 ms and=40 mg. The amplitude of the action % —] -
potential gradually falls as it travels within the ischemic < a b | c
zone, until only a residual small-amplitude response remains§—30 \ m ﬂ
(the first upward deflection in trace of Fig. 3. An area . ] L
within the ischemic zone, with its center lying just to the 0 150 300 O 150 300 O 150 300
right of the center of the ischemic zofEig. 1(B): t=40 tms)

ms|, is now activated by two wavefronts that merge andrIG. 3. 1:1 rhythm with retrograde propagatioff K * Jo=13.39mM in the

retrogradely invade the ischemic zone across its right-han'gchemic zone)Transmembrane potential at the points indicated in the left-

border, after traveling initially in the normal myocardium MOStpanel of Fig. ®) [the same locations as in FigiAD)]. The response at
! site c now exhibits two components: the first is a small-amplitude deflection

abo‘_/e and below the ischemic zojte=40 _ms in F_ig- IB)] associated with anterograde propagation, while the second is a very delayed
A third source of stimulation current to this area is the part ofslow-response action potential associated with retrograde propagation.
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FIG. 4. Period-2 rhythm([K*]o,=13.45mM in the is-
chemic zone)Action potentials(top row) and maxi-
mum voltage magbottom row for the conducted beat
(A) and the blocked bedB) of Fig. 1(C). The traces
obtained at sites and b exhibit a 2:2 rhythm(i.e.,
alternang which is more obvious at locatidn, which
lies in the normal area just to the left of the proximal
edge of the ischemic zonesee the leftmost panel in
Fig. 1(A) or 1(B) for site locationg The core of the
ischemic zondsite c) displays a 2:1 rhythm. The maxi-
mum voltage map gives the highest voltage reached at
each point within the ischemic zong@ot the entire
sheet during the 400 ms of the pacing cycle. There is a
2:1 rhythm in the core of the ischemic zone, with a 2:2
rhythm in the surrounding area.

150 300 0 150 300 O 150 300

t (ms)

20 SR
= - SISO
= S5

€ -20 N
>

in size with increasing penetration into the ischemic zone tdime with the repeating unit consisting of two stimuli and
the point where only a barely noticeable subthreshold electwo action potentials of different morphologies. Inspection
trotonic response remairjracec in Fig. 4B)]. Note that of the voltage waveform at locations increasingly to the right
this occurs despite the fact that the distal edge of the isef locationb reveals that the degree of alternation increases,
chemic zone is again invaded by a wavefront traveling in thewith the smaller of the two action potentials gradually falling
retrograde direction, as with the conducted beat. Indeed, duin size. Eventually, this action potential is extinguished, ter-
ing the period of time corresponding to that during which theminating in a subthreshold response that decays in size as the
central area is being activated by an inwardly moving wavecenter of the ischemic core is approached. At some location
of depolarization on the conducted bd&dp row of Fig.  that depends on one’s arbitrary definition of an action poten-
1(C): t=55 and 130 mk there is in contrast a wave of re- tial, the 2:2 response is thus replaced by a 2:1 response.
polarization propagating away from that area on the blocke@onversely, as one examines locations increasingly to the
beat[bottom row of Fig. 1C): t=55 and 130 mk left of b, the degree of alternation gradually becomes less
The size of the area of 2:1 block is perhaps best apprepronouncedsee, e.g., locatioa in Fig. 4). Indeed, 1.25 mm
ciated from the “maximum voltage map,” which gives the away from the left edge of the shegk., 8.75 mm from the
maximum transmembrane voltagehich is the overshoot left-hand boundary of the ischemic zon¢he difference in
potential when the response is an action potenaigthined APD of the two action potentials is only 8 ms. Thus, a cur-
during the course of one pacing cycle at each location. Figsory examination of voltage traces at a site sufficiently to the
ures 4A) and 4B) (bottom panelsshow this map for the left of locationa in a sheet with a large enough normal area
ischemic zone aloné.e., not for the entire shegton alter-  surrounding the ischemic area might lead to the misinterpre-
nate beats. Figure(B) (bottom panel shows that there is a tation that a 1:1 response is present, since closer inspection
large area of the ischemic zone that remains unexcited on theould reveal a very slight degree of alternation. In a sheet of
blocked beat, remaining at its resting potential of abe@0 infinite size, one would recover the 1:1 response in the limit
mV, with decremental propagation into that area from theof the measurement site being infinitely far away from the
surrounding annular area. AX "], increases in the range ischemic core.
over which 2:1 block occurs, there is a growth in the size of ~ The transition to 2:1 block in the ischemic cdiéigs.
this area of 2:1 block. 1(C), 4] occurred abruptly, given that a 1:1 rhythm was seen
Note that there is a marked beat-to-beat alternation ot a value offK*], only 0.06 mM lower[Figs. 1B), 3].
action potential morphology at locatidmin Fig. 4. We refer  While a direct transition from 1:1 rhythm to 2:1 rhythm with
to this as a 2:2 response, since the behavior is periodic ino intervening rhythms has been described in periodically
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one has a 2:2 rhythm in the ischemic core—and everywhere
else in the sheet. WhdiK ™ ], is raised to 13.45 mM, the 2:2
rhythm in the core of the ischemic zone converts into a 2:1
rhythm[Figs. 1C), 4], which persists t¢K * ]o=13.69 mM.

Note also that the maximum voltage during 1:1 rhythm
(which corresponds to the overshoot potentjakt before
the transition to period-2 rhythiffFig. 5(A)] is lessthan the
overshoot potential of the action potential during 2:2 rhythm
B just after the transitiofithe lower panel of Fig. @)]. The

: : explanation for this is that the recovery time or diastolic
interval preceding the longer duration action potential of 2:2
rhythm is larger than that of the action potential of 1:1
rhythm. This longer recovery time also accounts for the fact
that the delay seen at siteis lessfor this action potential
during period-2 rhythm than for the action potential of
y(mm) 0o x(mm) period-1 rhythnicompare upper rows of Figs(B) and 1C)
and also action potentials in Figs. 3 and\4).

In summary, agK * ], is raised from 13.39 to 13.40 mM
the sheet as a whole makes a transition from a global
period-1 rhythm to a global period-2 rhythm with each ele-
ment in the sheet responding with a period-2 rhythm. Out-
side the ischemic core, propagating action potentials of two
g different morphologies can be identified on alternate beats.

5 5 Within the ischemic core, one instead finds a maintained
y(mm) 00 x(mm) small-amplitude response on alternate beats. Further eleva-
FIG. 5. Transition from period-1 to period-2 rhythnMaximum voltage thn of [K+]° in the _ISChemIC Zon_e t0 13.45 mM results in
maps of the ischemic zonéA) Period-1 rhythm afK *],=13.39 mm.(8)  this response decaying electrotonically, producing an area of
Period-2 rhythm afK *],=13.40 mM(the top panel is a maintained small- 2:1 block within the ischemic cord=igs. 1C), 4].
amplitude response; the bottom panel is the full-sized propagated action

potentia). Note that while voltage scales are the sam@inpand the bottom
panel of(B), a different voltage scale is used in the top panelB)f
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D. Higher-order rhythms

The period-2 response with a 2:1 block in the ischemic
driven single rabbit ventricular cells and in the space-core persists tdK*],=13.69 mM. IncreasindK* ], by
clamped LR modét the transition can also be indirect, with only 0.01 mM to 13.70 mM results in the 2:1 response in the
WenckebacHf - or alternan®®8rhythms being seen before core being abruptly replaced with a 4:1 response. Figure 6
the 2:1 rhythm makes its appearance. We therefore werghows the action potential waveforms and the corresponding
back and investigated the transition from period-1 tomaximum voltage maps for the four beats of the period-4
period-2 rhythm in the sheet more closely. This transition iscycle. For three of the four beats of the cycle the action
very abrupt, being seen whéi ™ ], is raised by as little as potential decrements to the point where it vanishes, leaving
0.01 mM. Figure BA) shows the maximum voltage map of at most a barely discernable subthreshold response at loca-
the period-1 rhythm seen 8K *],=13.39 mM([Fig. 1(B)],  tion c (the bottom three rows of Fig.)@&nd a core of unex-
while Fig. 5§B) shows the maximum voltage map on alter- cited myocardiunimaximum voltage maps in the rightmost
nate beats of the period-2 rhythm encountered Kat],  column of Fig. 6.
=13.40 mM. During this period-2 rhythm, the response in  Examination of the voltage waveform at locations be-
the core of the ischemic area is not a 2:1 rhythm, since otween sitesa and c reveals that there is a transformation
alternate beats the maximum voltage in that area is aboutspatial bifurcation”)® of the local rhythm with increasing
—30 mV [the top panel of Fig. @)], and not the resting penetration into the ischemic zone. At si@sandb, a 4:4
membrane potential of —60 mV as in the 2:1 response of rhythm is seen(the first two columns of Fig. 6 As one
Fig. 4 (where[K™], is only slightly higher at 13.45 mM  moves deeper into the ischemic zone, the first action poten-
The time-course of the transmembrane potential in the corgal to drop out is the one in the second row of Fig. 6, thereby
of the ischemic area on this beat is very similar to that of thgoroducing a local 4:3 rhythm. As one moves still deeper into
first deflection seen in traaeof Fig. 3. While this waveform the ischemic zone, the second action potential to drop out is
resembles a subthreshold deflection, and not an action potetire one in the last row, resulting in a local 4:2 response. The
tial, it does not decrement electrotonically with distance aghird and last to die out is the one in the third row, producing
does the classic subthreshold response, but rather is maia-4:1 rhythm(e.g., sitec: third column of Fig. 6. This order
tained in size and shape over a distance of several spacé dropout is also reflected in the relative sizes of the areas of
constantgthe upper panel of Fig.(B)]. We term this re- block for the respective beatsee voltage maximum maps of
sponse the “maintained small-amplitude response.” Giverthe ischemic area in the extreme-right column of Fig.The
that this response is not a decrementing one as in F&j, 4 sequence of rhythms observed locally as one traverses the
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ischemic zone is thust:4—4:3—4:2—4:1}. Bifurcations  —period-2 rhythm(2:2 response in the ischemic core fol-
are not involved in this sequence; rather there is a change lowed by a 2:1 responge-period-4 rhythm-period-6
a quantity corresponding to the winding number or rotationrhythm—period-8 rhythm-rhythms of complete block.
number in periodically stimulated limit-cycle oscillatd¥s. An obvious question is whether a different sequence of
Again, the 4:4 rhythm might be mistakenly identified as 1:1rhythms would be seen if the size of the sheet were to be
rhythm (or perhaps 2:2 rhythjrin an area sufficiently remote changed. Due to the heavy computational requirements, we
from the central area of 4:1 block. have investigated in detail only one other size of sheet: a 4
The period-4 rhythm exists fgK "], = 13.70-13.72 cmx4 cm sheet wh a 2 cmx2 cm ischemic area. In that
mM. A further increase ifiK ™ ], results in a transition to a case we see essentially what we have reported above, with
period-6 rhythm, with 6:1 block in the central ischemic core,the sole exception being that the period-6 rhythm is not seen;
for [K*]p=13.729-13.733 mM. As with the period-4 instead there is a transition from period-4 to period-8 rhythm
rhythm, there is a sequence of local rhythms seen as thas[K™], is raised from 13.460 to 13.465 mM.
ischemic area is traversd@:6—6:5—6:4—6:3—6:2—6:1}.
Raising [K*]y by 0.001 mM to 13.734 mM results in a
period-8 rhythm, with 8:1 block in the corgo identify this
higher-order rhythm, it is necessary to injeeb0 stimulj. As [K™*], is raised, the first abnormality reported above
Finally, when[K*], is raised by another 0.001 mM to was a slowing of anterograde conduction within the ischemic
13.735 mM, there is a complete block in the ischemic corezone[Fig. 1(A)]. The next abnormality noticed was a depar-
(i.e., no action potentials make it througlvhich agrees with  ture from the normal activation sequence, with retrograde
the experimental finding that inexcitability occurs for propagation and markedly delayed activation of a distal part
[K¥™]p>13.5 mM® At a value of[K*], where there is of the ischemic zonéFig. 1(B)]. At this level of [K™],,
complete block, one can see a 1:0, 2:0, or 4:0 rhy}i¥  there is a long delay~50 m9 from the peak of the first
depending on the precise value [d*],. In a 2:0 or 4:0 deflection in trace of Fig. 3 to the action potential upstroke
rhythm, the size of the subthreshold deflection is not invari{this can also be appreciated from the very long time that it
ant from beat to bed®:0 rhythms have been recorded during takes the circle of unexcited tissue to become excited in the
ischemia—see, e.g., Fig. 5 of Ref. 6 lower row of panels in Fig. B)]. Note that byt=50 ms
Our results over the range pK *], that we have inves- [Fig. 1(B)] the two activation wavefronts traveling upwards
tigated are summarized in the first two columns of Table I. Inand downwards in the normal area to the right of the is-
brief, as| K " ], in the ischemic zone is raised from its normal chemic aredFig. 1(B): t=40 mg have already merged; in-
value of 5.4 mM up to 14 mM, one sees the following seriesdeed, they have almost exited the sheet. However, at that
of transitions: period-1 rhythm with orthograde transmissiontime, the small-amplitude response at locationis still
through entire ischemic zoreperiod-1 rhythm with retro- presentFig. 3: tracec). The very long delay in the region of
grade transmission through a distal part of the ischemic zondelayed activation is presumably due to a combination of the

E. Role of retrograde activation wavefront
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very small amount of inward current available at this depo-block in the sheet with respect to the strand. The fact that we
larized potentiaP® and geometrical effects due to the high see the same sequence of periodicities over virtually the
curvature of the activation wavefrofit. same ranges 4K * ], in the sheet and in the strand leads us
The existence of three spatially-separated sources of exe conclude that retrograde conduction is not absolutely cru-
citation current(one anterograde, two retrogradeakes an cial in generating the particular periodicities seen in the
analysis of what is happening in Fig(B) very difficult. In  sheet. A similar correspondence holds in the computations
particular, a natural question is whether this complicated spanade h a 4 cmlong strandwith a 2 cmlong ischemic area
tial behavior is somehow involved in generating the bifurca-cut out of the 4 cmx 4 cm sheet: i.e., period-1, 2, 4, and 8
tion sequence reported above. We therefore simplified théhythms followed by complete block seen in both sheet and
situation by cutting away large areas at the top and bottom oftrand, with the transition from period-4 to period-8 rhythm
the sheet, including the entire normal area above and belowccurring as[K*], is raised from 13.412 to 13.416 mM.
the ischemic zone, thus obliterating the source of the retroAll of the results in the strand given above were taken from
grade wavefront. This surgery leaves a thin strand of tissue the asymptotic behavior in runs in which 64 stimuli were
cm long and only 1.25 mm wide, with normal tissue at itsinjected.
left- and right-hand ends, and ischemic tissue in its middle.
As [K*], is raised in the strand, one again has a 1:1F. Reentrant rhythms

rhythm for[K™ ], sufficiently low. Unlike the case with the Based on the fact that alternans often precedes arrhyth-
sheef{Fig. 1(B)], during 1:1 rhythm there is now always at a5 (see the references in the Introductiome were ea-
most one activation wavefront present in the strand, makingerly anticipating the induction of reentrant arrhythmias at
its way from left to right(again with decremental conduction ¢ point tha{ K * ], was raised to a level somewhat higher
as it enters the proximal border zone and incremental COMan that at which alternans first emerged. This expectation
duction as it leaves the ischemic zon€here is once again a5 reinforced when retrograde activatidnoncealed reen-
an abrupt transition to period-2 rhythm @™o is raised by try) and arcs of conduction block, which are often harbin-
the almost infinitesimal amount of &AM from 13.104 10 gers of reentry, were seen within the ischemic zone during
13.105 mM. During this period-2 rhythm, there is a 2:2 re-giternans rhythm in Fig. (C) [and indeed even before that
sponse consisting of alternating action potentials in the Ieftpoim, during 1:1 rhythm with retrograde activation, Fig.
hand area of normal tissue. The degree of alternation i“l(B)]. In addition, the arc of block effectively breaks the
creases with increasing penetration into the ischemic zongctivation wavefront into two separate fragments, creating
until, within the ischemic core, the smaller of the two actiontyg free-ends resembling incipient spiral-wave tifgsg.,
potentials eventually converts into the maintained smallfig. 1(B): t=40 mg. Should the right-hand part of the is-
amplitude response, as in the shethie top panel of Fig.  chemic zone be out of its refractory period at the point that
5(B)]. However, unlike the case in the sheet, there is Nowhese two nascent spiral tips arrive at its distal margin, one
incremental conduction out of the ischemic core, with theCan imagine that they would merge and perhaps Successfu”y
maintained small-amplitude response gradually turning intgyropagate retrogradely through the ischemic zone all the way
a full-fledged action potential. This results in the appearancg its proximal border. Upon emerging into the normal area
of a second disjoint area of alternating action potentials justo the left of the ischemic zone, two wavefronts would then
distal to the ischemic core, with the degree of alternatiorcirculate around the ischemic area traveling in the antero-
gradually decreasing as the ischemic zone is exited. This 2:grade direction within the normal areas above and below the
exit response is not seen in the sheet, presumably because {8ehemic zone, thus initiating a figure-of-eight reentrant
incremental conduction in the anterograde direction does nghythm. The above scenario is based on results recently ob-
have time to develop before the enveloping retrograde invatained in a modeling study on the effect of fast pacing when
sion occurs. the LR model is modified to produce an APD that is much
When[K™], is raised to 13.20 mM in the strand, the shorter than that used in the present st(sie Fig. 7 of Ref.
maintained small-amplitude response within the proximal70). However, we found that the ischemic zone did not come
part of the ischemic core gradually turns into a decrementabut of refractoriness soon enough to allow this to occur in
subthreshold response with increasing penetration into thegither the 3 cnx3 cm sheet or the 4 cid cm sheet.
ischemic core, so that one finally ends up with a 2:1 response
within the distal end of the ischemic area. Since incremental\/. DISCUSSION
conduction out of the ischemic core now vanishes, a 2:]A bri q d it
response is also found within the right-hand normal area dis-" fimary and secondary afternans
tal to the ischemic zone. A further increase[ K" ], results Beat-to-beat alternation of action potential morphology
in the period-2 rhythm being replaced successively withcan be seen in situations in which spatial factors are clearly
period-4, period-6, period-8, and complete-block rhythms, asot involved: e.g., a single ventricular &If89%or an
in the sheet, but with each particular range of rhythms ocionic model of isopotential ventricular membraHe! %8 In
curring at a slightly lowef K], than in the sheefTable ).  these cases, the excitation current injected into the cell is
We believe that this difference occurs because the retromaintained constant from beat to beat by artificial external
dradely invading wavefront and the two wavefronts movingmeans, and there are no adjacent cells to act as sources or
in the surrounding normal area inject extra stimulation cur-sinks of coupling current. This form of alternans, which is an
rent into the ischemic zone, thus postponing the onset ohherent property of isopotential or space-clamped mem-
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brane, has been referred to as “primafy’or “intrinsic” 1 mined. In particular, it is not clear whether there is an obliga-
alternans. Primary alternans is the normal response of multtory region of 2:1 block somewhere in the ventricles during
cellular ventricular muscle to fast pacifi*>1°1-1%and  ischemic alternans, as in Fig(Q) and Fig. 4, since there are
there is considerable evidence that the main requirement fareveral reports on ischemic alternans that make no mention
obtaining primary alternans is a sufficiently steep APD res-of 2:1 block. However, in virtually all of those cases, either a
titution curve at short recovery intervdf§*6:194197-1n  measurement is made at only one site in the ventricle or the
contrast, the alternans of action potential morphology seen isummated activity of ventricular muscle is recorded in the
our simulations can be considered to be “secondary” orelectrogram or electrocardiogram. There is thus no guarantee
“extrinsic,” since there is a concurrent beat-to-beat alterna-in those instances that there is not a site of 2:1 block some-
tion in the flow of intercellular current into and out of the site where else in the ventricle. Indeed, unless one makes trans-
at which alternans in the action potential morphology is seemural recordings at multiple sites, one cannot rule out the
(e.g., at locatiorb in Fig. 4 or Fig. 5. existence of a region of 2:1 block. Nevertheless, in one re-
Over a hundred years ago Gaskell suggested that meort in which activation mapping was made on a fine spatial
chanical alternans in multicellular tissue could be accountedcale during ischemic alternans, there was indeed a 2:1 re-
for by a situation in which there is a subpopulation of cellssponse in the center of the ischemic region, with the largest
responding in an abnormal 2:1 fashion, while the rest of thalegree of alternation in the unipolar electrogram being seen
cells display their usual 1:1 rhythi? Gaskell's original only 3 mm away, along the border of the ischemic z(fig.
scenario of 1:1 and 2:1 subpopulations is played out in & of Ref. 27. There are also several other reports showing a
cellular automaton type of model incorporating spatial dis-simultaneous presence of 2:2 and 2:1 rhythms at two close
persion of refractory period where there are discrete elementstes(e.g., Fig. 9 of Ref. 18, Fig. 1 of Ref. 21, Fig. 5 of Ref.
with no electrotonus!? In one of the two different period-2 27, and Fig. 3 of Ref. 30
rhythms that we see in the sheet, there are two subpopula- All of the simulations reported on above have been con-
tions of cells, one with a 2:2 response, the other with a 2:Mucted at one fixed BC(400 m3. At that BCL,[K ], must
responsgFigs. 1C), 4]. This form of alternans is thus a be raised considerably above the normal level of 5.4 mM to
variant of that proposed by Gaskell, with his 1:1 responsebtain alternans. However, we expect that primary alternans
being replaced, because of electrotonic coupling, by our 2:2ould occur in our model at norméK ], should a BCL
responsgwhich asymptotically becomes a 1:1 response in-shorter than 400 ms be used:—in fact, we then expect it to
finitely far from the center of the ischemic ajedhe other  occur in the normal area, since, as mentioned above, primary
form of period-2 rhythm that we see in the sheet is main-alternans is the normal response of healthy multicellular ven-
tained over an extremely narrow range Bf* ], and consists  tricular muscle to fast pacing, and sustained alternans can be
of an alternation between a full-sized action potential and theseen at a shorter BCL in the space-clamped version of our
maintained small-amplitude respondeig. 5. We are not modified version of the LR modéthe alternans described in
aware of any prior descriptions of alternans involving thisthe original LR space-clamped mod#lig. 19 of Ref. 76 is
small-amplitude response, which occurs when there is jusia transient In a recent modeling study using a differently
barely enough inward current available to support a propamodified version of the LR model, it was found that fast
gating response. pacing could induce primary alternans in a two-dimensional
The prolongation of the refractory period and flatteningsheet!'® In another recent study in which fast pacing was
of the APD restitution curve known to be induced by used to induce alternans and arrhythmias in the non-ischemic
ischemid®’®12would mitigate against the development of ventricle, there was no mention made of 2:1 block being seen
primary alternangan acidosis-induced flattening of the me- at any of the 128 epicardial recording sites, which suggests
chanical restitution curve has also been descjifetlow-  the presence of primary alternalfs.
ever, work on single rabbit ventricular cef$aggregates of There is also evidence that an intrinsic primary alterna-
embryonic chick ventricular cel¥,and the isopotential LR tion of internal Cd 'levels, particularly during ischemic
modef® shows that the transition from 1:1 rhythm to primary conditions, can induce alternans in membrane potential, by,
alternans seen at high stimulus amplitude is replaced by a.g., involving Ca *-activated currents and the NaCa'™*
direct transition to 2:1 rhythm when the stimulus amplitudeexchangef>°>114-118Thijs view is bolstered by the fact that
is reduced. This occurs essentially because the refractory padding agents that decrease internal® Calevels (e.g.,
riod is made longer, so destroying the steeper part of theyanodine®®193115119 caffaing6:103.115.116.1193nq  calcium-
APD restitution curve that is essential to the development othannel blocker8?'%§ abolishes or markedly reduces the
primary alternang? It is therefore possible that during is- alternans produced by pacing nonischemic tissue at a fast
chemia there will be a direct transition to 2:1 block in arate. Ischemic alternans and the incidence of ventricular ar-
subpopulation of cells that would then induce secondary alrhythmias are also reduced or abolished by administration of
ternans in neighboring cells. In contrast to the above argua Ca "-channel blockef:?834114121-123 owever, since
ment, it has also been suggested that ischemia changes t@a'*-channel blockers reduce the slope of the APD restitu-
shape of the APD restitution curve in such a fashion so as tton curvel® they may be acting to abolish or reduce alter-
promote primary alternans during ischeniiee Fig. 5 of nans through a mechanism involving APD restitution. There
Ref. 112. is also evidence supporting a role for intracellular
The electrophysiological mechanisms underlying altern-Ca’ *-cycling in alternans and arrhythmia in an animal
ans in ischemic ventricular muscle are yet to be fully determodel for the long-QT syndromfe® To investigate electrical
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alternans induced by an intrinsic alternation in internaf Ca C. Bistability
dynamic; would n.ecessitate qsing a “second-generation” |n each of our runs at a giveiK * 1o, stimulation was
model incorporating = Ca-activated currents and  thestarted from one set of initial conditions approximating
Na'—Ca'"" exchange current. However, b7efore this can begteady-state rest conditions at tHa¢*],. There is now
dqne7,0 Ezr%?lem? associated with degenefatyand long  mych’evidence in a variety of experimental and modeling
drifts™ "= "in this class of model will have to be worked out. gjtations that 2:1 rhythm can be bistable with either 1:1 or
2:2 rhythm?347.8387.108.125-12f aqdition, a 2:2 rhythm can
sometimes be bistable with a 1:1 rhytHi?*or with a sec-
ond 2:2 rhythm'%"1%8124Thys  an investigation should be
carried out to establish whether bistability exists here. The
probable existence of bistability complicates carrying out a
There have been several different bifurcation routes imdefinitive characterization of the bifurcation structure, im-
plicated in different instances of the transition from period-1posing an extremely heavy computational load, which might
to period-2 rhythm in cardiac tissue. The transition from 1:1even be prohibitively large at the present time in the case
rhythm to primary alternans that occurs as BCL is decreasedf the sheet. Nevertheless, such a search should be made,
(or to other forms of alterna)f§* has typically been asso- even if only partial, since it has been recently suggésted
ciated with a supercritical period-doubling bifurcation on athat such bistability might be involved in “triggered
one-dimensional map in both experimental and modelinglternans’®**>?°and in the conversion of discordant into con-
work #3:46.58,89,97,104,107-109.124.13y/hen the period-doubling cordant alternan®:%
bifurcation is supercritical, there is a gradual growth in the
alternans amplitude from zero as the BQhe bifurcation
parameter is decreased. However, analysis of one-
dimensional maps obtained from consideration of the APD  There are very few reports of higher-order period-
restitution curve suggests that alternans can also arise atdmubled rhythms in ventricular muscle in conditions pre-
nonzero amplitude as the result of a saddle-node bifurcatiodisposing to arrhythmias. In particular, we know of only
of period-doubled orbit§®®'?*In one of these two reports, one case—involving a toad ventricle driven at a progres-
the unstable period-doubled branch produced in this bifurcasively faster rate—in which arrhythmias occurred follow-
tion terminates in asubcritical period-doubling bifurcation ing a period-doubling cascade culminating in ché&be se-
involving the period-1 orbifFig. 5(A) of Ref. 124. In the  quence of rhythms seen wafl:1—2:2—4:4—chaos-
other case, this unstable branch terminates in another saddierrhythmia$).*®> There are however isolated reports of
node bifurcation of period-doubled orbits, the stable membeperiod-4 rhythms (with traces consistent with period-
of which terminates in aupercritical period-doubling bifur-  quadrupled orbits, as in Fig) 5 ventricular muscle in two
cation involving the period-1 orbffig. 8B) of Ref. 108. In  other conditions predisposing to arrhythmias: ischejRig.
addition, a direct transition from 1:1 to 2:1 rhythm has been2(C) of Ref. 29 and hypothermigFig. 4.17 of Ref. 10D
seen at an intermediate stimulus amplitude in single rabbiThe relative rarity of these higher-order rhythms is almost
ventricular cells and the original LR space-clamped mé&tlel. certainly due to the fact that the range of the parameter over
This direct{1:1—2:1} transition can be accounted for by a which they can be maintained is so very small. For example,
two-branched discontinuous map, with a stable period-1 orin our 3 cmx3 cm sheet, the period-4 rhythm is maintained
bit on the left-hand branch of the map corresponding to 1:Jover a range ofK * ], of somewhere between 0.02 and 0.04
rhythm, and a second stable period-1 orbit on the right-hanenM (Table |), a range so narrow that it virtually guarantees
branch corresponding to 2:1 rhythfsee Fig. 9 of Ref. 83  that the rhythm would not be seen in the corresponding ex-
The discontinuity in the map arises because of the essentiallyeriment(the same conclusion also holds for the period-6
all-or-none nature of excitation. and period-8 rhythms, which exist over even narrower ranges
As [K™], is raised in our study, immediately upon the of [K*],). Thus, in the real world of the clinic or the labo-
transition from period-1 to period-2 rhythm, one sees a beatratory, one would expect to see a bifurcation gap, with a
to-beat alternation within the ischemic core between an actransition from 1:1 rhythnfwith delayed activationto alter-
tion potential and the maintained small-amplitude responseans and then to complete block as ischemia progresses. This
both in the strand and in the sheBtg. 5. One possibility is  is exactly what has been described several times during
that this is a smooth transition generated by a supercriticakchemia®®8%n our simulations we have not seen “tri-
period-doubling bifurcation, which, just beyond the bifurca- pling,” in which there is a period-3 rhythm, probably arising
tion point, would generate a rhythm consisting of two alter-from 3:2 Wenckebach block or 3:1 high-grade bld&g2°
nating action potentials of arbitrarily close morphology
within the ischemic core. However, we have not found anyE Period-doubling route to chaos?
evidence for such a smooth transition using an increment in” 9 '
[K*]o as small as 0.001 mM in the strand. Thus, the more  The existence of period-2 and period-4 rhythms in is-
likely possibility is that the transition involves a subcritical chemia, together with the experimerita®=47:88.109 ang
period-doubling bifurcation, or some sort of effectively dis- modeling’:1%812812%vidence for the period-doubling route
continuous transition, as in the direft:1—2:1} transition  to chaotic dynamics in cardiac tissue, leads very naturally to
mentioned just above. consideration of the possibility that the close temporal asso-

B. Bifurcation from period-1 to period-2 rhythm

D. Higher-order period-doubled rhythms
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ciation of ventricular fibrillation with alternans might be an ischemic zone is still refractory when retrograde invasion
indication that ventricular fibrillation is a chaotic phenom- starts. We thus believe that reentry might occur should the
enon somehow arising out of a cascade of period-doublingize of the ischemic zone be made larger or additional inter-
bifurcations®3237:385253.111gr results in the larger sheet ventions(e.g., acidosis and hyposighat are known to re-

(4 cmx4 cm, with a 2 cnX2 cm ischemic argaand the duce APD and conduction velocity further within the is-
corresponding strand might be taken as providing some sughemic zone included in the model. Indeed, while regional
port for this hypothesis, in that we see the sequdpeeiod-  perfusion with a high-K solution mimics many of the phe-
1—period-2—period-4—period-8-- - -}. However, as for the nomena seen in ischemia, including a phase of alternans pre-
transition from period-1 to period-2 rhythm discussed aboveceding arrhythmia onsé?, regional perfusioff or super-

the transitions involving the higher-order rhythms are sofusion‘** with a high-K, acidotic, hypoxic, glucose-free so-
very abrupt that we have not been able to document th@ution more closely mimics the electrophysiologic changes
existence of supercritical period-doubling bifurcations. In ad-seen during ischemia. In addition, acidosis can induce pri-
dition, in the smaller shegB cm X3 cm, with a 1 cmX1  mary alternans in single ventricular cells paced at BGDO

cm ischemic argaand the corresponding strand, the se-ms® superfusion of ventricular muscle with either a
quence departs from the classic period-doubling cascad@ypoxic:®>*%¢ or acidoti¢®® solution can induce alternans,
since a period-6 rhythm is interposed between the period-4nd administration of sodium bicarbonate to correct acidosis
and period-8 rhythms. One theoretical possibility that wouldcan abolish ischemic alternangurther work attempting to
account for this difference is that the period-6 rhythm mightinduce reentry should thus use a more complicated model
be bistable with either the period-4 or the period-8 rhythmincorporating effects due to acidosis, hypoxia, and metabolic
(or both, and so would be seen in some computations, buinhibition.**’-13*We anticipate that the onset of reentry will
not others. Another possible reason for the absence of thignly occur following the induction of a 2:1 response in the
rhythm in the larger sheet and strand is that we might havgschemic core, because not only does the wavefront then
missed it in our computation@he period-4 rhythm goes to have two broken endgig. 1(C)] that could potentially curl
period-8 rhythm with a change [iK "], of 0.005 mM in the  yp, forming the tips of two spiral waves, but the anterograde
sheet and 0.004 mM in the strandis usual, there is of plock within the ischemic zone would then result in a recov-
course no guarantee that numerical integration with finitGEry time long enough to permit subsequent retrograde propa-
precision will necessarily find all stable periodic orbits. A gation through that are4.

very large amount of computation will be required to deter-  Another possible reason for the absence of arrhythmias
mine the full two-parametef{K"]o, system sizebifurca-  in our study is that we have used a very simple form of
tiQ” dig-gram, gspecially in th‘? ;heet, and even moreso Sh°“|ﬁrge—scale inhomogeneity: a centrally-placed homogeneous
bistability ~exist. We anticipate that, as in prior square. However, the ischemic zone in reality is inhomoge-
studies>**1%1%%etermination of the APD restitution curve nequs, having a graded border zone with irregular boundaries
and iteration of a finite-difference equation or map derivedyg sr,nall—scale inhomogeneities i * ], that lead to sig-
from it will be essential in order to make any headway in pificant dispersion of refractorine€;5”which is the classic
understanding the global organization of the bifurcation diasypstrate for the formation of reentrant arrhythmias. Future
gram. modeling work should thus also investigate the extent to

~ While we have as yet no firm evidence of chaotic behavyyhich g spatially-extended intrinsic border zone and smaller-
ior in our simulations, there are several other modeling studgc5je inhomogeneities are arrhythmogenic.

ies on spatially-extended electrophysiological systems show- ) ;, inability to observe reentry following alternans

ing  apparently  chaotic beh"_"v'a%s&mfgo’gz'lo&129_131 might nevertheless be consistent with experimental and clini-
sometimes as the result of a period-doubling cascade. It igy| gpservations that arrhythmias do not invariably start up
also quite possible tha’t_ﬁtPlezlssl}:s);ra!— or scroll-wave breakugiowing alternans. In one experimental study, 72% of the
seen in modeling m‘g‘g’ﬁé “ " might be an example of .qjysion episodes that did not eventually result in fibrilla-
“extensive chaos,™ perhaps corresponding to ventricular oy nevertheless demonstrated alternans, and 33% of these
fibrillation. episodes showed evidence of conduction bftcklternans
that is not detectable to the naked eye can be found in some
patients at rest or during exercise in the absence of sponta-
neous arrhythmia¥'® The most obvious explanation for

** Clinically, the physician must recognize that electrical these results is that the ischemic insult was not profound
alternans in angina pectoris is a sign preceding sudderenough to proceed beyond the stage of altern@eshaps
death” Kataoka and Yoshimura. this is what is effectively happening in our simulations in

While we have seen several phenomena in our simulawhich alternans is not followed by reentrant arrhythmias
tions corresponding to the prodroma presaging the imminergome clinical episodes of ischemia in which alternans occurs,
onset of reentrant arrhythmias in experimdetg., slow- but arrhythmias do not arise, prolongation of the duration of
response action potentials, increased conduction delay, twdhe ischemic episode can then bring about arrhythfhias.
component upstrokes, retrograde propagation, concealed rexperiments in which alternans does not culminate in ar-
entry, arcs of block, nascent spiral tips, alternati'ese have rhythmias, increasing the rate of pacing, which results in an
not been followed by sustained reentrant rhythms. The majoincrease in alternans amplitutfe!?® can then provoke
factor preventing reentry in our study seems to be that tharrhythmias-®2! This might be the result of an increase in

F. Alternans and reentrant arrhythmias
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