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ELECTRICAL ALTERNANS AND PERIOD-UOIJBLIIUG GIFURCATIONS 

M.R. Guevara, G .  Ward, A. S h r i e r ,  L .  Glass 

Department o f  Phys io logy ,  M c G i l l  U n i v e r s i t y  

Mon t rea l ,  Quebec, Canada 
A b s t r a c t  A  mathemat ica l  model f o r  a1 te rnans  

Expe r imen ta l  s t u d i e s  have been per formed on The e l e c t r i c a l  r e s t i t u t i o n  cu rve  g i v e s  t h e  
q u i e s c e n t  aggregates o f  v e n t r i c u l a r  c e l l s  f rom 7- a c t i o n  p o t e n t i a l  d u r a t i o n  (APD) as a f u n c t i o n  o f  
day -o ld  embryonic c h i c k  h e a r t .  As t h e  f requency t h e  t ime  f rom the  end o f  t h e  p r e c e d i n g  a c t i o n  
o f  large-amp1 itude  c u r r e n t  pu lses  d e l i v e r e d  p o t e n t i a l  t o  t h e  s t i m u l u s  ( t h e  recove ry  t i m e  A ) .  
t h rough  an i n t r a c e l l u l a r  m i c r o e l e c t r o d e  i s  F i g u r e  2  shows t h e  e l e c t r i c a l  r e s t i t u t i o n  cu rve  
i nc reased ,  a  c r i t i c a l  f requency i s  reached a t  [measured a t  -60 mV) f o r  a  p e r i o d i c a l l y  s t i m u l a t e d  
which 1: l  en t ra inmen t  i s  n o  l o n g e r  observed, b u t  qu iescen t  h e a r t  c e l l  aggregate.  The da ta  i n  F ig .  
r a t h e r  t h e r e  i s  an a l t e r n a t i o n  i n  t he  morphology 2a were found f o r  s t i m u l a t i o n  p e r i o d s  between 160 
o f  t h e  a c t i o n  p o t e n t i a l .  An e x p l a n a t i o n  f o r  t h i s  msec and 200 msec d u r i n g  wh ich a l t e r n a n s  was 
behav iour ,  based on t h e  e l e c t r i c a l  r e s t i t u t i o n  observed, whereas the data  i n  F ig .  2b ex tend  ove r  
curve, shows t h a t  a l t e r n a n s  a r i s e s  o u t  o f  a  a  w ide r  range o f  s t i m u l a t i o n  f requenc ies .  The 
per iod-doub l  i n g  b i f u r c a t i o n .  Fur thermore,  da ta  are  f i t t e d  t o  e i t h e r  s i n g l e  ( F i g .  2a)  o r  
h y s t e r e s i s  i n  t he  response t o  p e r i o d i c  s t i m u l a t i o n  doub le  ( F i g .  2b) exponen t i a l s .  Fo r  a  s t i m u l u s  
i s  t h e o r e t i c a l l y  p r e d i c t e d .  d e l i v e r e d  a t  a  recove ry  t ime  s h o r t e r  than t h e  

r e f r a c t o r y  p e r i o d  ( w h i c h  we t a k e  here  a t  r ecove ry  
t ime  equal  ze ro )  t h e r e  i s  no a c t i o n  p o t e n t i a l .  

I n t r o d u c t i o n  The da ta  i n  F ig .  2  a re  i n  b a s i c  agreement w i t h  
measurements i n  o t h e r  c a r d i a c  p r e p a r a t i o n s .  l l-l 5  

"The c o n d i t i o n  i n  which c a r d i a c  muscle a c t e d  
upon by even ly -spaced s t i m u l i  ( e i t h e r  n a t u r a l  o r  
a r t i f i c i a l  1 responds w i t h  a1 t e r n a t e  l a r g e  and 
sma l l  c o n t r a c t i o n s ,  has been o f  l a t e  t he  s u b j e c t  
o f  much d i scuss ion . "  

G.R. Mines, 1913 1:1 
Over t h e  y e a r s  a  number o f  mechanisms have 

been proposed t o  account  f o r  c a r d i a c  a1 ternans.  
We have observed a l t e r n a t i n g  a c t i o n  p o t e n t i a l  
morphology i n  p e r i o d i c a l l y  s t i m u l a t e d  
space-clamped q u i e s c e n t  aggregates  ( s p h e r o i d s  o f  
about  100-200 vm i n  d iame te r )  composed o f  
v e n t r i c u l a r  c e l l s  f r om embryonic c h i c k  h e a r t  ( F i g .  
1). I n  t h i s  n o t e  we deve lop a t h e o r y  f o r  2:2a1 te rnans  i n  space-clamped p repa ra t i ons .  We show 
t h a t  as t h e  s t i m u l a t i o n  f requency i s  increased,  a 
c r i t i c a l  f requency i s  reached a t  wh ich  a 1:l 
rhythm (one  a c t i o n  p o t e n t i a l  f o r  each s t i m u l u s  
w i t h  a  c o n s t a n t  a c t i o n  p o t e n t i a l  morphology ( u p p e r  
t r a c e  o f  F i g .  1 ) )  becomes u n s t a b l e  and i s  r e p l a c e d  -
by a 2:2 rhy thm ( o n e  a c t i o n  p o t e n t i a l  f o r  each F i g u r e  1: I n t r a c e l  l u l a r  r e c o r d i n g  o f  
s t i m u l u s  b u t  w i t h  a l t e r n a t i o n  o f  t he  a c t i o n  transmembrane p o t e n t i  a1 f rom a  p e r i o d i c a l  l y  
p o t e n t i a l  morphology ( l o w e r  t r a c e  o f  Fig.  1 ) ) .  s t i m u l a t e d  q u i e s c e n t  h e a r t  c e l l  aggregate.  
Such a  phenomenon a r i s e s  as a  consequence o f  a  Upper t r a c e :  tS= 300 msec. 
p e r i o d - d o u b l i n g  b i f u r c a t i o n  ( t h e  p e r i o d  o f  a Lower t r a c e :  tS= 180 msec. 
repea t i n?  c y c l e  doubles as a parameter i s  Pu l se  d u r a t i o n  = 20 msec; p u l s e  amp1 itude  = 25 nA. 
v a r i e d ) .  Per iod-doub l  i n g  b i f u r c a t i o n s  have a l s o  Aggregate d iameter  = 152 vm. The o f f s c a l e  
been demonstrated i n  p e r i o d i c a l l y  s t i m u l a t e d  v e r t i c a l  d e f l e c t i o n  i s  t h e  s t i m u l u s  a r t i f a c t .  
spontaneously b e a t i n g  h e a r t  c e l l  aggregates f o r  Th i s  and a l l  subsequent f i g u r e s  a r e  taken f rom t h e  
s t i m u l a t i o n  a t  a  f requency e i t h e r  h i g h e r  o r  l ower  same p repa ra t i on .  ( V e r t i c a l  c a l i b r a t i o n  50 mV; 
than the  i n t r i n s i c  f requency. 5-7  A connec t i on  h o r i z o n t a l  c a l i b r a t i o n  300 msec). 
between p e r i o d - d o u b l i n g  b i f u r c a t i o n s  and c a r d i a c  
a l t e r n a n s  has p r e v i o u s l y  been h y p o t h e s i ~ e d . ~ - l ~  
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( a )  

APD = 207 - 136e- i /78  
I I I 

X (  msec 1 
F i g u r e  2: E l e c t r i c a l  r e s t i t u t i o n  curves showing 
a c t i o n  p o t e n t i a l  d u r a t i o n  (APD) as a f u n c t i o n  of 
r ecove ry  t i m e  ( A )  d e r i v e d  f rom t r a c e s  such as 
t hose  shown i n  F ig .  1. ( a )  Data ( t r i a n g l e s )  i n  

We assume t h a t  t h e  APD f o l l o w i n g  a  s t i m u l u s  
i s  a f u n c t i o n  o f  t h e  p reced ing  recove ry  t ime. 
R e f e r r i n g  t o  F i g .  3, we have 

where APDi i s  t he  d u r a t i o n  o f  t h e  itha c t i o n  
p o t e n t i a l ,  t, i s  t he  s t i m u l u s  pe r i od ,  g  i s  t he  
e l e c t r i c a l  r e s t i t u t i o n  cu rve  and N i s  t h e  s m a l l e s t  
i n t e g e r  such t h a t  (Nt, - APD.-l) i s  g r e a t e r  than 
t h e  r e f r a c t o r y  pe r i od .  quaii ion ( 1) i s  a  f i n i t e  
d i f f e r e n c e  equat ion .  Us ing  a  g r a p h i c a l  method, i t  
has been demonstrated t h a t ,  f o r  e l e c t r i c a l  
r e s t i t u t i o n  curves such as t hose  shown i n  F i g .  2, 
a l t e r n a n s  w i l l  be found as s t i m u l a t i o n  f requency 
i nc reases  p r o v i d e d  the  r e s t i t u t i o n  cu rve  i s  
s u f f i c i e n t l y  s teep a t  smal l  r ecove ry  t imes. l 6  

For  t h e  case i n  wh ich  t h e  e l e c t r i c a l  
r e s t i t u t i o n  cu rve  i s  f i t  by a  s i n g l e  exponen t i a l ,  
an e x p l i c i t  a l g e b r a i c  c a l c u l a t i o n  o f  t h e  f requency 
a t  wh i ch  a  p e r i o d - d o u b l i n g  b i f u r c a t i o n  occurs  i s  
p o s s i b l e .  Assume t h a t  t h e  e l e c t r i c a l  r e s t i t u t i o n  
cu rve  i s  

F i g u r e  3: Diagram showing d e f i n i t i o n  o f  terms. 
C a l i b r a t i o n  bars as i n  F ig .  1. 

X ( msec 1 
t h e  a l t e r n a n s  (2 :2 )  zone f i t  t o  a  s i n g l e  
exponen t i a l .  ( b )  Data i n  t h e  1:l and 2:2 zones 
f i t  t o  a  sum o f  two e x p o n e n t i a l s  u s i n g  n o n l i n e a r  
reg ress ion .  

where APD, i s  t h e  maximum a c t i o n  p o t e n t i a l  
d u r a t i o n  a8 l o n g  recovery  t imes,  a and T a r e  
p o s i t i v e  cons tan ts ,  and e i s  t h e  r e f r a c t o r y  
pe r i od .  A  s teady s t a t e  o f  eq. ( 1 )  w i l l  occu r  i f  

I f  i n  a d d i t i o n  

a t  t h e  s teady s t a t e ,  t h a t  s teady s t a t e  i s  s t a b l e .  
I f  t h e  d e r i v a t i v e  i n  eq. ( 3 b )  i s  equal t o  -1, a  
p e r i o d - d o u b l i n g  b i f u r c a t i o n  w i l l  occur .  Us ing  
eqs. ( I ) - (  31, we compute t h a t  a  pe r i od -doub l  i n g  
b i f u r c a t i o n  w i l l  a r i s e  i f  

a t  a  c r i t i c a l  s t i m u l a t i o n  f requency,  f*, where 

F u r t h e r ,  a t  t h e  c r i t i c a l  f requency t h e  APD i s  
- T, and t h e  recove ry  t i m e  i s  r l n (  a / r ) .  

APDmaflumerical c a l c u l a t i o n  o f  t h e  dynamics as a 
f u n c t i o n  o f  s t i m u l a t i o n  f requency was c a r r i e d  o u t  
on a  d i g i t a l  computer. F i g u r e  4 shows a  p l o t  o f  
eq. ( 1 )  f o r  tS= 170 msec u s i n g  t h e  s i n g l e  
exponen t i a l  f u n c t i o n  f o r  t h e  e l e c t r i c a l  
r e s t i t u t i o n  cu rve  ( F i g .  2a).  There i s  a  s teady 
s t a t e  a t  APDi+ APD. = 187 msec which i s  s t a b l e ,  
co r respond ing  to=a  2 :1  rhy thm ( 2  s t i m u l i  f o r  1 
a c t i o n  p o t e n t i a l )  and a  second s teady s t a t e  a t  127 
msec which i s  unstab le .  F o r  an i n i t i a l  c o n d i t i o n  
nea r  127 msec, t h e r e  i s  a t r a n s i e n t  w i t h  t h e  
a l t e r n a n s  becoming more pronounced e v e n t u a l l y  
l e a d i n g  t o  t h e  s t a b l e  c y c l e  ( 2 : 2  rhythm) w i t h  APD 
a l t e r n a t i n g  between 94 msec and 156 msec. F i n a l l y  
F ig .  5  shows a  p l o t  o f  t h e  t h e o r e t i c a l l y  computed 
APD as a  f u n c t i o n  o f  s t i m u l a t i o n  f requency 
compared w i t h  exper imenta l  data.  As s t i m u l a t i o n  
f requency i s  i nc reased  t h e  s i n g l e  s t a b l e  APD 
decreases and t h e  cu rve  s p l i t s  i n t o  two branches 
b o t h  i n  t h e o r y  and i n  exper iment.  F o r  t h e  



APDj 

' ' igure 4: G raph i ca l  r e p r e s e n t a t i o n  o f  eq. ( 1 )  f o r  
tS= 170 msec w i t h  t he  s i n g l e  exponen t i a l  f i t  i n  
F i g .  2a assumed f o r  t h e  e l e c t i c a l  r e s t i t u t i o n  
curve. There i s  a  s t a b l e  c y c l e  w i t h  APD 
a l t e r n a t i n g  between 94 msec and 156 msec ( 2 : 2  
rhythm) and a  s t a b l e  s teady s t a t e  w i t h  APD = 187 
~nsec ( 2 : l  rhy thm) .  

s i t u a t i o n  i n  wh ich  t h e r e  i s  a  1:l rhythm, t h i s  
rhy thm i s  approached v i a  a  t r a n s i e n t  a1 te rnans.  
The theo ry  a l s o  shows the  p o s s i b i l i t y  f o r  a  
b i s t a b i l i t y  between t h e  1: l  ( o r  2:2) and 2 : l  
rhythms ( F i g .  5) .  I n  an exper iment  such a 
b i s t a b i l i t y  would produce a  h y s t e r e s i s  phenomenon 
i n  wh ich  the  p a r t i c u l a r  rhythm observed would 
depend on t h e  s t i m u l a t i o n  h i s t o r y .  

D i scuss ion  

Given t h e  e l e c t r i c a l  r e s t i t u t i o n  cu rve  o f  
c a r d i a c  muscle, one can p r e d i c t  t h e  q u a l i t a t i v e  
f e a t u r e s  o f  t he  response as s t i m u l a t i o n  f requency 
i s  increased.  I n  p a r t i c u l a r ,  e l e c t r i c a l  a l t e r n a n s  
may a r i s e  a t  a c r i t i c a l  s t i m u l a t i o n  f requency. As 
w e l l ,  b i s t a b i l i t y  between a 1:l ( o r  2:2) rhy thm 
and a  2 : l  rhy thm ove r  a range o f  s t i m u l a t i o n  

F i g u r e  5: B i f u r c a t i o n  diagram showing APD as a 
f u n c t i o n  o f  s t i m u l a t i o n  f requency,  f. S o l i d  l i n e  
shows t h e o r e t i c a l  r e s u l  t s  computed u s i n g  t h e  
s i n g l e  exponen t i a l  f u n c t i o n  o f  F ig .  2a. T r i a n g l e s  
g i v e  da ta  p o i n t s .  

f r equenc ies  i s  p r e d i c t e d .  H y s t e r e s i s  between 1:l 
and 2 : l  rhythms has been observed i n  f r o g  
v e n t r i c l e 1  and i n  spontaneous ly  b e a t i n g  h e a r t  c e l l  
aggregate^.^ To t h e  b e s t  o f  our  knowledge, t he  

p r e d i c t e d  b i s t a b i l i t y  between 2:2 and 2 : l  rhythms 
has never  been repo r ted .  An examinat ion  o f  F ig .  5 
shows d i sc repanc ies  between t h e o r y  and exper iment.  
Most n o t a b l y ,  t he  range o f  f r equenc ies  over  which 
one observes a l t e r n a n s  i s  much s m a l l e r  i n  t h e o r y  
than i n  exper iment.  One d i f f i c u l t y  i n  a p p l y i n g  
t h e  theo ry  i s  t h a t  t h e  APD cannot  be measured 
a c c u r a t e l y  because o f  t he  s t i m u l u s  a r t i f a c t ,  and 
t h e  p o i n t  a t  wh ich  the  APD i s  measured ( h e r e  a t  
-60 mV) i s  somewhat a r b i t r a r y .  The re fo re ,  t h e r e  
w i l l  be v a r i a t i o n s  i n  t h e  e l e c t r i c a l  r e s t i t u t i o n  
cu rve  depending on e x a c t l y  how i t  i s  measured. 
S i m u l a t i o n s  us ing  o t h e r  f i t s  t o  t h e  da ta  p o i n t s  
shown i n  F ig .  2  have shown t h a t  t h e  b i f u r c a t i o n  
diagram ( F i g .  5) i s  s e n s i t i v e  t o  smal l  changes i n  
t h e  parameters d e s c r i b i n g  t h e  e l e c t r i c a l  
r e s t i t u t i o n  curve.  Th i s  s e n s i t i v i t y ,  combined 
w i t h  t h e  d i f f i c u l t y  i n  d e t e r m i n i n g  the  e l e c t r i c a l  
r e s t i t u t i o n  curve,  c o n t r i b u t e s  t o  t h e  d iscrepancy 
between t h e o r e t i c a l  computa t ions  and expe r imen ta l  
r e s u l t s .  Another  source o f  d iscrepancy stems f rom 
ou r  assumption t h a t  t h e  APD depends o n l y  on t h e  
recove ry  t i m e  f rom t h e  p reced ing  a c t i o n  p o t e n t i a l .  
A  more accu ra te  t r ea tmen t  would n e c e s s a r i l y  
i n c l u d e  the  e f f e c t s  o f  seve ra l  p r e v i o u s  a c t i o n  
p o t e n t i a l s ,  b u t  t h i s  would c o m p l i c a t e  t h e  theory .  

The i o n i c  mechanisms t h a t  under1 i e  t h e  
e l e c t r i c a l  r e s t i t u t i o n  cu rve  are  n o t  f u l l y  
understood. The APD depends on a  d e l i c a t e  ba lance  
between inward and outward c u r r e n t s .  'The changes 
i n  t h e  APD d u r i n g  p e r i o d i c  s t i m u l a t i o n  i n  c a r d i a c  
P u r k i n j e  f i b r e  have been r e l a t e d  t o  t h e  degree o f  
r ecove ry  o f  t h e  de layed r e c t i f i e r  c u r r e n t  I,..l1 

I
However, t h e  recovery  o f  t h e  p l a t e a u  phase i n  
c a r d i a c  v e n t r i c u l a r  muscle has a l s o  been r e l a t e d  
t o  t he  degree o f  recovery  o f  t he  s l ow  i nward  
c u r r e n t  ISi.l2Embryonic h e a r t  c e l l  aggregates  
have b o t h  an I,, c u r r e n t 1 ?  and an ISic u r r e n t . 1 8  

The more r a p i d  bhase o f  ou r  r e s t i t u t i o n  cu rve  i s  
most l i k e l y  a t t r i b u t a b l e  t o  t hese  c u r r e n t  
components. However, t h e  p resen t  s tudy  does n o t  
p r o v i d e  t h e  means t o  sepa ra te  o u t  t h e i r  r e l a t i v e  
c o n t r i b u t i o n s .  The s lower  phase o f  t h e  
r e s t i t u t i o n  cu rve  i s  p robab l y  n o t  r e l a t e d  d i r e c t l y  
t o  t he  k i n e t i c s  o f  I o r  Isib u t  t o  some 

1 
secondary process o r  processes. 14- l5D u r i n g  
r e p e t i t i v e  s t i m u l a t i o n ,  p a r t i c u l a r l y  a t  r a p i d  
r a t e s ,  t h e  changes i n  APD may be due t o  
combinat ions  o f  these processes as w e l l  as changes 
i n  I,, and ISi.One o f  t h e  advantages o f  t h e  

t h e o r b t i c a l  approach we have used i s  t h a t  s a l i e n t  
f e a t u r e s  o f  a l t e r n a n s  and h y s t e r e s i s  can be 
ana lyzed w i t h o u t  a d e t a i l e d  unde rs tand ing  o f  t h e  
u n d e r l y i n g  i o n i c  processes. 

The exper iments  and t h e o r y  r e p o r t e d  he re  
p r o v i d e  a d d i t i o n a l  ev idence t h a t  pe r i od -doub l  i n g  
b i f u r c a t i o n s  occur  i n  c a r d i a c  phys io logy .  We 
be1 i e v e  t h a t  n o n l i n e a r  mathematics,  i n  p a r t i c u l a r  
t h e  t heo ry  o f  b i f u r c a t i o n s ,  w i l l  p l a y  an 
i n c r e a s i n g l y  i m p o r t a n t  r o l e  i n  p r o v i d i n g  a  
framework i n  wh ich  o t h e r  c a r d i a c  a r rhy thm ias  may 
be understood. 
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