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Abstract

Experimental studies have been performed on
quiescent aggregates of ventricular cells from 7-
day-old embryonic chick heart. As the frequency
of large-amplitude current pulses delivered
through an intracellular microelectrode is
increased, a critical frequency is reached at
which 1:1 entrainment is no longer observed, but
rather there is an alternation in the morphology
of the action potential. An explanation for this
behaviour, based on the electrical restitution
curve, shows that alternans arises out of a
period-doubling bifurcation. Furthermore,
hysteresis in the response to periodic stimulation
is theoretically predicted.

Introduction

"The condition in which cardiac muscle acted
upon by evenly-spaced stimuli (either natural or
artificial) responds with alternate large and
small contractions, has been of late the subject
of much discussion."!

G.R. Mines, 1913

Over the years a number of mechanisms have
been proposed to account for cardiac alternans.!-3
We have observed alternating action potential
morphology in periodically stimulated
space-clamped quiescent aggregates (spheroids of
about 100-200 um in diameter) composed of
ventricular cells from embryonic chick heart (Fig.
1). In this note we develop a theory for
alternans in space-clamped preparations. We show
that as the stimulation frequency is increased, a
critical frequency is reached at which a 1:1
rhythm (one action potential for each stimulus
with a constant action potential morphology (upper
trace of Fig. 1)) becomes unstable and is replaced
by a 2:2 rhythm (one action potential for each
stimulus but with alternation of the action
potential morphology (lower trace of Fig. 1}).
Such a phenomenon arises as a consequence of a
period-doubling bifurcation (the period of a
repeating cycle doubles as a parameter is
varied).* Period-doubling bifurcations have also
been demonstrated in periodically stimulated
spontaneously beating heart cell aggregates for
stimulation at a frequency either higher or Tower
than the intrinsic frequency.5~7 A connection
between period-doubling bifurcations and cardiac
alternans has previously been hypothesized.8-10
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A mathematical model for alternans

The electrical restitution curve gives the
action potential duration (APD) as a function of
the time from the end of the preceding action
potential to the stimulus (the recovery time A).
Figure 2 shows the electrical restitution curve
[measured at -60 mV) for a periodically stimulated
quiescent heart cell aggregate. The data in Fig.
2a were found for stimulation periods between 160
msec and 200 msec during which alternans was
observed, whereas the data in Fig. 2b extend over
a wider range of stimulation frequencies. The
data are fitted to either single (Fig. 2a) or
double (Fig. 2b) exponentials. For a stimulus
delivered at a recovery time shorter than the
refractory period {which we take here at recovery
time equal zero) there is no action potential.

The data in Fig. 2 are in basic agreement with
measurements in other cardiac preparations.li-13
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Figure 1: Intracellular recording of

transmembrane potential from a periodically
stimulated quiescent heart cell aggregate.
Upper trace: tg = 300 msec.

Lower trace: t. = 180 msec.

Pulse duration = 20 msec; pulse amplitude =
Aggregate diameter = 152 um. ~The offscale
vertical deflection is the stimulus artifact.

This and all subsequent figures are taken from the
same preparation. (Vertical calibration 50 mV;
horizontal calibration 300 msec).
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Figure 2: Electrical restitution curves showing

action potential duration (APD) as a function of
recovery time (1) derived from traces such as
those shown in Fig. 1. (a) Data (triangles) in

We assume that the APD following a stimulus
is a function of the preceding recovery time.
Referring to Fig. 3, we have

APD.i = g(Nts - APD'i—l)’ (1)
where APD; is the duration of the i'M action
potential, t, is the stimulus period, g is the
electrical restitution curve and N is the smallest
integer such that (Nt - APD;_;) is greater than
the refractory period. Equa%ion (1) is a finite
difference equation. Using a graphical method, it
has been demonstrated that, for electrical
restitution curves such as those shown in Fig. 2,
alternans will be found as stimulation frequency
increases provided the restitution curve is
sufficiently steep at small recovery times.!®

For the case in which the electrical
restitution curve is fit by a single exponential,
an explicit algebraic calculation of the frequency
at which a period-doubling bifurcation occurs is
possible. Assume that the electrical restitution
curve is

g(}) = APDp., - ae™™T, A > e, (2)
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Figure 3: Diagram showing definition of terms.
Calibration bars as in Fig. 1.

168

APD = 201 -98e-X/93_35¢-1/653
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the alternans (2:2) zone fit to a single
exponential. (b) Data in the 1:1 and 2:2 zones
fit to a sum of two exponentials using nonlinear
regression.

where APD_., is the maximum action potential
duration a% long recovery times, a and T are
positive constants, and 6 is the refractory

period. A steady state of eq. (1) will occur if
APD1+1 = APDi. (33)
If in addition
JAPD;
it 5.2 IV (3b)
aAPD;

at the steady state, that steady state is stable.
If the derivative in eq. (3b) is equal to -1, a
period-doubling bifurcation will occur. Using
eqs. (1)-(3), we compute that a period-doubling
bifurcation will arise if

tIn(a/t) > 8 (4)

at a critical stimulation frequency, f*, where

1/f* = APDmaX-T+r]n(a/T) (5)
Further, at the critical frequency the APD is
APD., - T, and the recovery time is tinla/T).

ﬁumerica] calculation of the dynamics as a
function of stimulation frequency was carried out
on a digital computer. Figure 4 shows a plot of
eq. (1) for t, = 170 msec using the single
exponential function for the electrical
restitution curve (Fig. 2a). There is a steady
state at APD; . = APD; = 187 msec which is stable,
corresponding %o a 2:1 rhythm (2 stimuli for 1
action potential) and a second steady state at 127
msec which is unstable. For an initial condition
near 127 msec, there is a transient with the
alternans becoming more pronounced eventually
leading to the stable cycle (2:2 rhythm) with APD
alternating between 94 msec and 156 msec. Finally
Fig. 5 shows a plot of the theoretically computed
APD as a function of stimulation frequency
compared with experimental data. As stimulation
frequency is increased the single stable APD
decreases and the curve splits into two branches
both in theory and in experiment. For the
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“igure 4: Graphical representation of eq. (1) for
t. = 170 msec with the single exponential fit in
Fig. 2a assumed for the electical restitution
curve. There is a stable cycle with APD

alternating between 94 msec and 156 msec (2:2
rhythm) and a stable steady state with APD = 187
msec (2:1 rhythm).

situation in which there is a 1:1 rhythm, this
rhythm is approached via a transient alternans.
The theory also shows the possibility for a
bistability between the 1:1 (or 2:2) and 2:1
rhythms (Fig. 5). In an experiment such a
bistability would produce a hysteresis phenomenon
in which the particular rhythm observed would
depend on the stimulation history.

Discussion

Given the electrical restitution curve of
cardiac muscle, one can predict the qualitative
features of the response as stimulation frequency
is increased. In particular, electrical alternans
may arise at a critical stimulation frequency. As
well, bistability between a 1:1 (or 2:2) rhythm
and a 2:1 rhythm over a range of stimulation
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Figure 5: Bifurcation diagram showing APD as a
function of stimulation frequency, f. Solid line
shows theoretical results computed using the
single exponential function of Fig. 2a. Triangles
give data points.

169

frequencies is predicted. Hysteresis between 1:1
and 2:1 rhythms has been observed in frog
ventricle! and in spontaneously beating heart cell
aggregates.” To the best of our knowledge, the
predicted bistability between 2:2 and 2:1 rhythms
has never been reported. An examination of Fig. 5
shows discrepancies between theory and experiment.
Most notably, the range of frequencies over which
one observes alternans is much smaller in theory
than in experiment. One difficulty in applying
the theory is that the APD cannot be measured
accurately because of the stimulus artifact, and
the point at which the APD is measured (here at
-60 mV) is somewhat arbitrary. Therefore, there
will be variations in the electrical restitution
curve depending on exactly how it is measured.
Simulations using other fits to the data points
shown in Fig. 2 have shown that the bifurcation
diagram (Fig. 5) is sensitive to small changes in
the parameters describing the electrical
restitution curve. This sensitivity, combined
with the difficulty in determining the electrical
restitution curve, contributes to the discrepancy
between theoretical computations and experimental
results. Another source of discrepancy stems from
our assumption that the APD depends only on the
recovery time from the preceding action potential.
A more accurate treatment would necessarily
include the effects of several previous action
potentials, but this would complicate the theory.
The ionic mechanisms that underlie the
electrical restitution curve are not fully
understood. The APD depends on a delicate balance
between inward and outward currents. The changes
in the APD during periodic stimulation in cardiac
Purkinje fibre have been related to the degree of
recovery of the delayed rectifier current Ix L

However, the recovery of the plateau phase i%
cardiac ventricular muscle has also been related
to the degree of recovery of the slow inward
current Isi.lz Embryonic heart cell aggregates
have both”an IX1 current!” and an I_; current.!8

The more rapid phase of our restitution curve is
most Tikely attributable to these current
components. However, the present study does not
provide the means to separate out their relative
contributions. The slower phase of the
restitution curve is probably not related directly
to the kinetics of le or Iy but to some

secondary process or processes. *~15 During
repetitive stimulation, particularly at rapid
rates, the changes in APD may be due to
combinations of these processes as well as changes
in I, and I.;. One of the advantages of the

theoretical approach we have used is that salient
features of alternans and hysteresis can be
analyzed without a detailed understanding of the
underlying ionic processes.

The experiments and theory reported here
provide additional evidence that period-doubling
bifurcations occur in cardiac physiology. We
believe that nonlinear mathematics, in particular
the theory of bifurcations, will play an
increasingly important role in providing a
framework in which other cardiac arrhythmias may
be understood.




Acknowledgements

This work was supported by grants from the
Canadian Heart Foundation and the Natural Sciences
and Engineering Research Council of Canada. MRG
was a recipient of a pre-doctoral traineeship from
the Canadian Heart Foundation. WKe thank Sandra
James for her secretarial help and Burt Gavin for
drafting the figures.

References

1. Mines, G.R. On dynamic equilibrium in the
heart. J. Physiol. (Lond.)} 46:349-82. 1913.

2. Gaskell, W.H. On the rhythm of the heart of
the frog, and on the nature of the action of
the vagus nerve. Phil. Trans. Roy. Soc.
Lond. 173:993-1033. 1882.

3. Thung, E.K. Principles of Cardiac
Arrhythmias, Second tdition. Baltimore:
Williams an 11k1ins,

4, May, R.M. Simple mathematical models with
very complicated dynamics. Nature
261:459-67. 1976.

5. Guevara, M.R., Glass, L., and Shrier, A.
Phase locking, period-doubling bifurcations,
and irregular dynamics in periodically
stimulated cardiac cells. Science
214:1350-53. 1981.

6. Glass, L., Guevara, M.R., Belair, J., and
Shrier, A. Global bifurcations of a
periodically forced biological oscillator.
Phys. Rev. A 29:1348-57. 1984.

7. TGuevara, M.R. Chaotic cardiac dynamics,
Ph.D. Thesis, MCGITT University. 1984.

8. Guevara, M.R., and Glass, L. Phase locking,
period doubling bifurcations and chaos in a
mathematical model of a periodically driven
oscillator: A thory for the entrainment of
biological oscillators and the generation of
cardiac dysrhythmias. J. Math. Biol.
14:1-23. 1982.

9. Ritzenberg, A.L., Adam, D.R., and Cohen, R.J.
Period multupling-evidence for nonlinear
behaviour of the canine heart. Nature
307:159-61. 1984.

10. Goldberger, A.L., Shabetai, R., Bhargava, V.,
West, B.J., and Mandell, A.J. Nonlinear
dynamics, electrical alternans and
pericardial tamponade. Am. Heart J. 107:
1297-99. 1984.

11. Hauswirth, 0., Noble, D., and Tsien, R.W.
The dependence of plateau currents in cardiac
Purkinje fibres on the interval between
action potentials. J. Physiol. {Lond.)
222:27-49. 1972.

12, Gettes, L.S., and Reuter, H. Slow recovery
from inactivation of inward currents in
mammalian myocardial fibres. J. Physiol.
(Lond.) 240:703-24. 1974.

13. TarmeTiet, E. Repolarization and frequency
in cardiac cells. J. Physiol. (Paris)
73:903-23. 1977.

14. Boyett, M.R. and Jewell, B.R. A study of the
factors responsible for rate-dependent
shortening of the action potential in
mammalian ventricular muscle. J. Physiol.
{Lond.) 285:359-80. 1978.

15.

16.

17.

18.

Colatsky, T.J., and Hogan, P.M. Effects of
external calcium, calcium channel-blocking
agents, and stimulation frequency on cycle
length-dependent changes in canine cardiac
action potential duration. Circ. Res.
46:543-52. 1980.

Nolasco, J.B. and Dahlen, R.W. A graphic
method for the study of alternation in
cardiac action potentials. J. Appl. Physiol.
25:191-96. 1968.
Shrier, A. and Clay, J.R. Comparison of the
pacemaker properties of chick embryonic

atrial and ventricular heart cells. J. Memb.
Biol. 69: 49-56, 1982.
Josephson, 1., and Sperelakis, N. On the

jonic mechanisms underlying
adrenergic-cholinergic antagonism in
ventricular muscle. J. Gen. Physiol.
79:69-86, 1982.





