SUPPLEMENTARY MATERIAL II  (“ADDITIONAL DISCUSSION”)
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“Rhythms of high-grade block in an ionic model of a strand of regionally ischemic ventricular muscle”

1.  Role of Raised [K+]o in Inducing Period-2 Rhythms in the Ischemic Ventricle

We use a single intervention to model the electrophysiological effect of ischemia ( a rise in [K+]o.  Period-2 rhythms occur when [K+]o is ~13 mM (Figs. 2,7B).  In the pig ventricle, alternans has been detected 3(9 mins post-occlusion (Downar et al., 1977), during which time the average [K+]o in the central ischemic zone is ~7(11 mM (Hill and Gettes, 1980; Coronel et al., 1988).  However, the marked spatial heterogeneity in [K+]o and in the electrophysiological response to ischemia (Downar et al., 1977; Hill and Gettes, 1980; Coronel et al., 1988; Coronel et al., 1989) would tend to result in alternans starting up at a time earlier than one might expect based on consideration of average [K+]o alone: e.g., monophasic electrograms (indicating block within or into an area) are seen at 50% of electrode locations by the time that [K+]o reaches 9-10 mM, and at over 90% of locations by 12 mM (Coronel et al., 1989).  In addition, several other concurrent changes known to promote alternans and block (e.g., hypoxia, acidosis, internal Ca++-cycling (Wit and Janse, 1993; Shaw and Rudy, 1997; Carmeliet, 1999; Ferrero Jr. et al., 2003; Bernus et al., 2005; Lakireddy et al., 2005; Carmeliet, 2006; Jordan and Christini, 2006; Qu et al., 2007) would undoubtedly lower the [K+]o at which 2:2 and 2:1 rhythms would first be seen.  Nevertheless, regional perfusion of the rabbit coronary system with a high-K+ solution (( 9 mM) leads to both alternans and arrhythmias (Curtis, 1991) and similar experiments in the dog result in 2:1 endocardial-epicardial block and arrhythmias (Ettinger et al., 1973), indicating that elevated [K+]o in and of itself can be a major cause of alternans, block, and tachyarrhythmias (see also modelling work of Bernus et al., 2005).

The fact that the 2:2 zone is so narrow in our simulations (~0.04 mM wide in Fig. 7B) implies that during ischemia the duration of the phase of primary alternans would be exceedingly brief ( indeed almost certainly ephemeral (– before secondary alternans would ensue.  At the time that alternans starts up, [K+]o is rising at a rate on the order of 1 mM min(1 in the central ischemic zone (Hill and Gettes, 1980; Coronel et al., 1988), so that one would then predict from our simulations that the phase of primary alternans would last for a time on the order of only ~2.4 seconds (this estimate is very rough, given that the rate of increase of [K+]o is highly variable from site to site, is considerably less in the border zone, and declines with time (Fig. 4B of Hill and Gettes, 1980; Fig. 2(b) of Coronel et al., 1988).  In contrast, the 2:1 zone in Fig. 7B,C is much wider (~0.2 mM), so that the phase of secondary alternans would be predicted to last for ~12 seconds.  This is considerably shorter than the mean duration of ~82 seconds observed experimentally for alternans in the dog (Nearing and Verrier, 2002).  This discrepancy is again likely due to the fact that in our model we are neglecting several germane factors that promote alternans (e.g., spatial inhomogeneity, hypoxia, acidosis, Ca++-cycling). 


Alternans and arrhythmias are commonly seen upon reperfusion following a period of coronary occlusion.  The rapid premonitory increase in alternans amplitude (Downar et al., 1977; Carson et al., 1986; Nearing et al., 1991; Tachibana et al., 1998) might be accounted for by the fact that areas coming out of complete block start to produce action potentials (Downar et al., 1977).  The resulting increase in spatiotemporal asynchrony almost certainly produces the inhomogeneity necessary for starting up reentrant rhythms (Downar et al., 1977). Again, [K+]o is  almost certainly playing a key role, since the very rapid fall in [K+]o (much faster than the rate of increase following occlusion (Hill and Gettes, 1980; Coronel et al., 1988)) has a time-course that parallels the much more rapid increase in alternans and arrhythmias seen following reperfusion (Downar et al., 1977; Curtis, 1991; Nearing et al., 1991).  Furthermore, arrhythmias are seen following washout in experiments on regional coronary hyperkalemia (Curtis, 1991).

2.  Alternans Does Not Necessarily Proceed Directly on to Reentrant Arrhythmias
In our modelling work of a two-dimensional sheet of regionally ischemic ventricular muscle, as [K+]o increases in the ischemic zone, primary alternans occurs first, followed by 2:1 block, i.e., secondary alternans (Arce et al., 2000).  When this 2:1 block occurs, the breaking of the excitation wavefront on every other beat creates a pair of nascent spiral wave-tips that might be expected to initiate a figure-of-eight spiral-wave reentrant rhythm, along the lines described in a recent modelling study on the effect of premature stimulation on a two-dimensional sheet of regionally ischemic ventricular muscle (Ferrero Jr. et al., 2003).  However, reentrant arrhythmias were not seen; rather the 2:1 block proceeded on to higher-order rhythms and eventually complete block as [K+]o was raised further.  This finding in the model agrees with the experimental results, in so far that alternans does not typically lead directly to reentry, but rather to higher-order rhythms ─ in only 1/6 animals did fibrillation arise immediately out of alternans, without an intervening higher-order rhythm being seen (Nearing and Verrier, 2002).  The rate of increase of the amplitude of the alternans in that animal was very high (Fig 3A(C) of Nearing and Verrier, 2002), so that it is all too conceivable that the range of [K+]o over which higher-order rhythms exist was traversed too quickly for such rhythms to be seen.  However, we have no firm explanation at present for why we did not see spiral-wave reentrant rhythms in our simulations following the onset of higher-order rhythms (and even complete block). Nevertheless, both the experimental and modelling work indicate that it is not obligatory that reentry occur immediately following a period-2 rhythm; indeed, the experimental results demonstrate that higher-order rhythms typically must occur first.

3.  Bifurcations Responsible for Producing Period-2 and Higher-Order Rhythms

Perhaps the commonest way in which a period-2 rhythm arises directly out of a period-1 rhythm is via a supercritical period-doubling bifurcation (Guevara et al., 1981; Guevara et al., 1984).  But this is not the only way: e.g., there can be a subcritical period-doubling bifurcation (Vinet and Roberge, 1994), or a saddle-node bifurcation of periodic orbits resulting in the creation ex nihilo of two period-2 orbits, one stable (corresponding to 2:2 rhythm), the other unstable (Singer, 1978; Mayer-Kress and Haken, 1984; Vinet and Roberge, 1994).  A border-collision bifurcation has been implicated in producing the period-2 orbit underlying the PR(alternans seen in a model of time-delayed atrial stimulation (Chen et al., 1998).


When the atrium is paced at a gradually increasing rate, one eventually encounters 2:1 atrioventricular block.  But consideration of a 1-dimensional map indicates that there can be  mathematically an infinite number of different Wenckebach rhythms interposed between the 1:1 rhythm of normal sinus rhythm and the 2:1 rhythm of atrioventricular block (Guevara, 1991), so that the 2:1 rhythm of block cannot be said, on the basis of this one particular finding alone, to be a period-doubled rhythm arising directly out of a period-doubling bifurcation.  In periodically driven isolated quiescent rabbit ventricular cells, the transition from 1:1 to 2:1 rhythm can be direct (Yehia et al., 1999), via a 2:2 rhythm (Guevara et al., 1989), or via Wenckebach-like rhythms (Yehia et al., 1997), depending on the stimulus amplitude (analogous results are seen in spontaneously beating re-aggregates of embryonic chick ventricular cells (Guevara et al., 1990)).

In a similar vein, not all period-4 rhythms necessarily arise from a period-doubling of a period-doubled rhythm: e.g., a unimodal one-dimensional map such as the prototypical quadratic map has a second period-4 orbit that arises via a tangent or saddle-node bifurcation, and not via a cascade of two period-doubling bifurcations (May, 1976).  This orbit is visited in the sequence ABCD (where A < B < C < D are the points of the orbit), whereas the true period-quadrupled orbit in the quadratic map has the ordering ACBD.  The orbits constructed from return-maps obtained from our 4:2 and 4:1 rhythms at L = 1 cm (Fig. 3) have the ordering ACBD.  In contrast, a 4:1 rhythm in which there is a monotonically increasing growth in the amplitude of the blocked responses (e.g., Bandura, 1980) will have the ordering ABCD.  In the 4:2 rhythm of Fig. 3A, the two action potentials are not consecutive, being separated by a subthreshold response.  However, this is not the only type of 4:2 rhythm that can exist: e.g., there is a different 4:2 rhythm in which each cycle consists of two consecutive action potentials followed by two consecutive subthreshold responses (Fig. 4B of Watanabe and Dreifus, 1972).


Similarly, a period-3 rhythm does not necessarily have to correspond to the particular period-3 orbit seen on a unimodal map, which arises via a saddle-node bifurcation and has the ordering ABC: e.g., one analysis of the 3:2 Wenckebach rhythm of atrioventricular block results in a period-2 orbit that visits both branches of a discontinuous map, each branch of which is monotonically increasing (Guevara, 1991).  To avoid premature ─ and hence potentially misleading ─ attribution of a bifurcation route to the origin of a particular rhythm, we use the more neutral term period-2 (or period-4) rhythm, rather than period-doubled (or period-quadrupled) rhythm, in referring to a rhythm that has not necessarily been proven to arise out of one period-doubling bifurcation (or two successive period-doubling bifurcations); we have also used the terminology period-3 rhythm rather than period-tripled rhythm (Ritzenberg et al., 1984; Nearing and Verrier, 2002; Nearing and Verrier, 2003).

4.  Chaos?

The exact nature and origin of the “complex” rhythms that follow higher-order rhythms during ischemia is unclear (Nearing and Verrier, 2003).  One possibility is that these are higher-order periodic rhythms corrupted by stochastic effects due to temporal noise (e.g., membrane noise) and spatial noise (e.g., small-scale inhomogeneities in the ventricle).  Indeed, the latter mechanism almost certainly accounts for the fact that different, rapidly changing rhythms are seen in adjacent areas of the ischemic ventricle, especially just before arrhythmias start up (Downar et al., 1977).  While electrotonic interactions would help to maintain spatiotemporal synchrony, this becomes more difficult as the order of the rhythm increases, since smaller changes then suffice to destroy the rhythm, thus producing a bifurcation gap.  It is also clear that when spatial heterogeneity is larger there will be a greater effect of noise in breaking up the temporal correlations between activity at different sites.  It is thus perhaps not surprising that rather disordered (“complex”) electrograms are seen following higher-order rhythms and just before reentrant beats occur during ischemia (Nearing and Verrier, 2003).  There is also a considerable clinical literature on the impact upon arrhythmogenesis of spatiotemporal lability of repolarization: “QT dispersion” (beat-to-beat variability within a single electrocardiographic lead) and “T-wave complexity” (variability across different leads).


An alternative possibility to a stochastic mechanism is that the complex rhythms are deterministically chaotic.  This prospect is particularly intriguing, given that the complex rhythms proceed directly on to fibrillation, which appears to be due to spiral-wave break-up, which itself might be a form of spatiotemporal chaos (Strain and Greenside, 1998).  Perhaps the best evidence to date for causal links between a bifurcation sequence, chaos, and arrhythmogenesis is in the rapidly paced toad ventricle, where the sequence {1:1 ( 2:2 ( 4:4 ( chaos ( arrhythmia} has been observed (Savino et al., 1989).  In these chaotic rhythms there is one action potential for each stimulus. We have not seen any chaotic rhythms in our simulations.  Should such rhythms in fact exist, they would cover minuscule areas in Fig. 8, leading to the conclusion that their relevance to the real world of experiment and the clinic would be minimal.


Another point of view is that there is no direct relationship between any putative chaotic pre-fibrillatory rhythm and any later chaotic fibrillatory rhythm.  Since fibrillation can be bistable with normal sinus rhythm (as shown by the ability to fibrillate or defibrillate at will with a brief electrical shock), it might be that the pre-fibrillatory rhythm ─ chaotic or not ─ is simply setting up the initial conditions (e.g., unidirectional block) that allow the initiation of the reentrant rhythm that eventually terminates in fibrillation, whether that fibrillation itself be chaotic or not.

The claim has been made, alluding to the much-misapplied theorem of Li and Yorke (1975) that the existence of a period-3 rhythm (“tripling”) implies the existence of all periodicities, as well as “pseudorandom” (i.e., deterministically chaotic) rhythms (Nearing and Verrier, 2002; see also Ritzenberg et al., 1984).  However, this is not necessarily the case; e.g., a 3:2 Wenckebach rhythm, which is a period-3 rhythm, can be generated by a discontinuous two-branched map that yields neither period-doubled orbits nor chaos (Guevara, 1991).  Other kinds of rhythms can also produce period-3 behaviour: e.g., a period-5 reverse Wenckebach 5:3 rhythm of atrioventricular block produces a “tripling” in the ventricular response (Fig. 1b of Ritzenberg et al., 1984).  Indeed, it is not even clear at the present time that a one-dimensional map ─ much less one satisfying the more restrictive conditions of the Li-Yorke theorem ─ can account for the experimental results during ischemia.


It is almost certain, given the heterogeneity of the response to ischemia, that different sequences of rhythms occur in different individuals, and that there will be no universally observed one-parameter bifurcation sequence, even in the first few minutes of ischemia (e.g., Wenckebach rhythms have been described during acute ischemia (El-Sherif et al., 1975) and are characteristically seen in the 3-7-day-old infarct (El-Sherif et al., 1977)).  It is already clear from Fig. 8 alone that the sequence of rhythms seen as ischemia progresses will depend on exactly which path is taken through this two-parameter bifurcation diagram, with both L and [K+]o increasing as ischemia progresses.  One also has to admit that in many cases in experimental work it will not be possible to definitively determine a complete bifurcation sequence due to the rapidly evolving substrate inherent during acute ischemia.
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