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Abstract

We consider dynamics in a class of ordinary di0erential equations representing a simpli2ed model of a genetic network.
In this network, the model genes control the production rates of products of other genes by a logical function. Thus, the
concentration of a particular gene’s product is driven either up or down depending on the particular combination of activity
states (active or inactive, i.e., gene product above or below threshold) of a set of relevant ‘input’ genes. The interactions are
based on binary functions but the evolution of gene product concentrations is continuous in time, unlike the discrete-time
Boolean networks of Kau0man and others. Numerical methods allow rapid and accurate integration of the model equations.
Also, theory now allows analytic con2rmation of numerically observed attractors. This enables us to determine changes in
the distribution of dynamical properties (attractor types) of random networks as the size of the networks increase and as the
number of inputs to each gene increases.
? 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

A gene is a sequence of DNA bases that codes for
a sequence of amino acids that constitute a protein.
According to current estimates, there are more than
30,000 di0erent genes in human beings. Although it is
an idealization, it is common for molecular biologists
to think of genes as being turned “on” or “o0”. If a
gene is “on”, the associated protein would be synthe-
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sized (through a sequence of intermediate steps that
are themselves subject to various controls), whereas
if the gene is “o0” the associated protein would not be
synthesized. In any particular cell of the body, only
a subset of these genes will be expressed at any one
time. The expression of the genes in a cell is con-
trolled by various di0usible factors, called transcrip-
tion factors. A transcription factor is a protein whose
sequence is in turn coded by a gene and whose expres-
sion is controlled by transcription factors. Thus, since
the proteins in a cell play a major role in determin-
ing the cell properties, the di0erential gene expression
in di0erent cells leads to di0erences in structure and
function in di0erent cell types.

Various attempts have been made to develop
mathematical models of genetic control networks.
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Kau0man proposed that genetic networks could be
modeled by random Boolean networks in which time
is discrete and each element computes a Boolean
function based on the values of inputs to that element
[22,23]. The Boolean formalization was developed
further by Thomas and collaborators [32,33]. How-
ever, since gene networks do not act in discrete time
and gene product concentrations are continuous vari-
ables, we believe that the discrete networks above, or
even asynchronous versions of them, are less suitable
as model gene networks than ordinary di0erential
equations in which gene interactions are incorporated
as logical functions [10,12,18–21,28,29]. Di0erential
equations and logical networks have been proposed
to model a variety of di0erent speci2c gene networks
[25–27,30,31].

Kau0man and others have studied the properties of
discrete Boolean switching networks in discrete time
as the size of the network increases [1,22]. Calling N
the number of model genes, for networks with K = 2
inputs, there is generally a well-behaved dynamics in
which there are comparatively few (Kau0man sug-
gests ≈ √

N ) attractors, and the average length of
attractors also scales as ≈ √

N . However, more re-
cent work shows that there are diOculties in counting
the number of attractors, and suggest strongly that it
actually grows linearly with N [1,6]. Discrete switch-
ing networks, such as those proposed by Kau0man,
have discrete state spaces and so must necessarily al-
ways cycle. The possible cycle lengths can potentially
be of the order 2N ; thus, the 2nding that the cycle
lengths are much shorter than the longest possible
lengths has attracted a good deal of theoretical interest
[2–5,7–9,15,24,34]. Discrete switching networks with
K = 1 inputs are more likely to reach 2xed points
and isolated very short cycles than K = 2 networks:
they are more likely to become ‘frozen’. Networks
with K ¿ 2 have a larger probability of very long
cycles (increasing with K). Although the discrete
networks with very long cycle lengths are sometimes
called “chaotic”, this terminology is at odds with the
standard de2nition in nonlinear dynamics of “chaos”
which demands an aperiodic dynamics and must nec-
essarily arise in in2nite state spaces. However, in
the continuous di0erential equations that capture the
logical structure of the switching networks, chaotic
dynamics is possible in four and more dimensions
[10,11,28,29].

The point of the current communication is to ex-
plore the dynamics in di0erential equation models of
genetic networks as the number of elements in the net-
work increases, and for various numbers of inputs.

2. A di�erential equation

In this section we briePy present a mathematical
model of gene networks. Since many aspects of the
model have recently been reviewed [10,12], we re-
fer the reader to these earlier publications for further
mathematical details. Our exposition follows closely
an earlier publication [13].

A Boolean switching network with N elements is
represented by

Xi(j + 1) = Fi(Xi1 (j); Xi2 (j); : : : ; XiK (j));

i = 1; : : : ; N; (1)

where Fi(Xi1 (j); Xi2 (j); : : : ; XiK (j))∈{0; 1} and K is
the number of inputs. This is a discrete time and dis-
crete state space system which, therefore, must even-
tually reach a 2xed point or cycle under iteration.

Since biological systems are not believed to have
clocking devices that simultaneously update the
network, a di0erential equation would be a more
suitable class of mathematical model. The logical
structure of Eq. (1) can be captured by a di0erential
equation [17,19,21]. To a continuous variable xi(t),
we associate a discrete variable Xi(t):

Xi(t) = 0 if xi(t)¡ 0; otherwise Xi(t) = 1: (2)

For any logical network, we de2ne an analogous dif-
ferential equation

dxi
dt

= −xi + fi(Xi1 (t); Xi2 (t); : : : ; XiK (t));

i = 1; : : : ; N; (3)

where fi(Xi1 (t); Xi2 (t); : : : ; XiK (t)) is a scalar whose
sign is negative (positive) if the corresponding logical
variable Fi(Xi1(t); Xi2(t); : : : ; XiK (t)) is 0 (1).

For each variable, the temporal evolution is gov-
erned by a 2rst-order piecewise linear di0erential
equation. Let {t1; t2; : : : ; tk} denote the switch times
when any variable of the network crosses 0. The
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solution of Eq. (3) for each variable xi for tj ¡ t
¡ tj+1 is

xi(t) = xi(tj) e−(t−tj) + fi(Xi1 (tj∗); Xi2 (tj∗); : : : ;

XiK (tj∗))(1 − e−(t−tj)); (4)

where tj∗ is any time in (tj; tj+1). This equation has the
following property. All trajectories in a given orthant
in state space are directed towards a focal point. If the
focal point lies in a di0erent orthant from the initial
condition, then, in general, a threshold hyperplane will
eventually be crossed. When the threshold hyperplane
is crossed, a new focal point will be selected based on
the underlying equations of motion.

Even though Eq. (3) is more realistic than Eq. (1)
as a model for biological systems, this equation still is
highly oversimpli2ed. Yet, this equation has remark-
able mathematical properties that facilitate theoretical
analysis. Moreover, there is an expectation, demon-
strated in some simple examples, that the qualitative
dynamics in the model system will be preserved in
more realistic versions, for example, when the dis-
continuous step functions are replaced by continuous
sigmoidal functions [20]. Also, synthetic gene net-
works have been created that show some of the simple
types of dynamical behaviour found in our class of
networks—in particular, bistability (two 2xed points)
[16] and oscillation in an inhibitory loop [14].

In the di0erential equation with no self-input, in
general, only one variable will cross its threshold at a
given time. Therefore, the dynamics in the di0eren-
tial equation can be mapped onto an N -cube where
directed edges represent allowed transitions between
logical states. The allowed transitions are also equiv-
alent to the allowed transitions in an asynchronous
switching network with the same logical structure
[17,21].

3. Numerical integration and types of attractors

Because of their simple mathematical structure,
these di0erential equations admit a simple method for
integration. The method consists of setting an initial
condition, and determining the set of times, {�i},
when xi = 0 from Eq. (4). However, if the system
is in an orthant such that none of the variables will
ever cross 0 (i.e., the focal point coordinates fi have

the sign of Xi for each i), the system will approach
a steady state in that orthant. Otherwise, the system
will cross to a new orthant at the time �min =min{�i}.
Once again, using Eq. (4), the equations can be ana-
lytically integrated for a time interval �min, and then
the process is iterated.

These equations can display several qualititatively
di0erent types of dynamics, including 2xed points
(nodes or spiral points), limit cycles, chaos, and
quasiperiodicity.

Nodes occur when a focal point lies in its own
orthant, as described above. Clearly, they are asymp-
totically stable, because all trajectories in that orthant
must converge to the focal point. Stable spiral points
occur when two or more variables switch in some
sequence but approach zero as the number of switch-
ings approaches in2nity, while all other variables (if
any) converge to some (possibly non-zero) value.
Thus, spiral nodes typically have an associated cyclic
sequence of orthants through which an approaching
trajectory passes.

Limit cycles are closed trajectories towards which
at least some nearby trajectories converge and they of
course have an associated cyclic sequence of orthants,
through which the limiting trajectory passes. When the
focal points have coordinates that are all ±1, as in the
model we consider here, it is possible for a limit cy-
cle to involve simultaneously switching variables. An
approaching trajectory will have a well-de2ned cyclic
sequence of orthants with one variable switching at a
time, but in the limit as t → ∞ two or more switch-
ings will approach simultaneity. This is still clearly a
limit cycle, even though our network de2nition may
leave the subsequent trajectory from an exact simul-
taneous switching ambiguous.

Chaotic dynamics has been demonstrated analyti-
cally in some example networks [11,28]. Here, where
we have to rely on numerical identi2cation of 2xed
points or limit cycles, we will classify any network
in which we 2nd none of these simple attractors as
‘chaotic’. While we expect most of these to be truly
chaotic as in the examples cited above, it is pos-
sible that we could occasionally confuse very long
transients or quasiperiodicity with chaotic behaviour.
Quasiperiodicity can occur when there are cycles in-
dependent of each other and with non-commensurate
periods. This type of behaviour we do not anticipate
to be common.
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Fig. 1. Time series showing the four classes of behaviour: node, spiral point, limit cycle, chaos in continuous-time NK networks: (a)
N = 10, K = 3; (b) N = 8, K = 2; (c) N = 10, K = 3; and (d) N = 8, K = 2.

Numerical integration can give strong evidence for
the existence of an attractor of a particular type in a
network. Fig. 1 shows the simulated time evolution of
one variable in each of four networks, typifying the
four classes of behaviour.

However, there are also analytic methods for con-
2rming the existence of attractors in this class of net-
works. Nodes found by integration need no further
veri2cation: if we 2nd a focal point lying in its own
orthant (i.e., with the same sign structure), then that
focal point is a stable node. It is also possible to prove
the existence and stability of limit cycles analytically
[10,21,29]. The return map for a given cycle of or-
thants starting on a particular orthant boundary cross-
ing (PoincarUe section) can be calculated explicitly and
has the form of a fractional linear map:

M (y) =
Ay

1 + �ty
;

where y∈R(n−1) is a point on the initial orthant
boundary (in an n-dimensional network), A is an
(n − 1) × (n − 1) matrix, and �∈R(n−1). This map-
ping is de2ned on a region (called a ‘returning cone’)
which may be only part of the orthant boundary, from
which trajectories follow the cycle of orthants un-
der consideration. Letting �1 and v1 be the dominant

eigenvalue of A and its corresponding eigenvector,
stable periodic orbits through a given cycle of or-
thants correspond exactly to the following conditions
being met:

1. �1¿ 1 (and real),
2. v1 lies in the returning cone (or on its boundary).

If �1 = |�2| then stability is only neutral. If v1 lies
on the boundary of the returning cone, then the cycle
is degenerate in the sense that somewhere around the
cycle there occurs a simultaneous switching of two or
more variables in the limit.

Thus, if numerical integration suggests convergence
to a limit cycle, this can be con2rmed or disproved
by selecting any orthant boundary crossing along that
cycle and calculating the return map and the return-
ing cone, as well as the eigenvalues and eigenvectors
of the map. If the above conditions are met, then it
is indeed a stable limit cycle. If not then integration
should be continued as the trajectory must eventually
deviate from the purported cycle. Of course, these cal-
culations to verify the existence of a stable limit cycle
must also generally be done by computer and so accu-
racy must be considered. In the class of networks con-
sidered here, with all focal point coordinates at ±1,
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the matrix A and the vector � in the return map have
integer components and det(A) = 1.

If a repeating sequence of orthants is checked by the
above procedure and the dominant eigenvalue, �1, is
exactly 1, then the cycle corresponds to a spiral point
[10]. There must still be an eigenvector in the returning
cone, but �1 = 1 and det(A) = 1 imply |�j|= 1 for all
j, so it will often happen that �1 has an eigenspace of
dimension greater than 1, which makes it more diOcult
in practice to check whether the eigenspace intersects
the returning cone.

4. Survey of random networks

The number of di0erent structural classes of these
networks (Eq. (3)), taking symmetries into account,
grows extremely rapidly with N [12]. For N=4, K=3,
there are already over 11 million classes. The N = 4,
K=2 networks are clearly a subset of the N=4, K=3
networks since some choices of the Boolean functions
do not actually depend on all their inputs.

In order to assess the e0ects on dynamics of dif-
ferent values of N , the number of genes, and K , the
number of inputs per gene, we generated many net-
works randomly and integrated them from random
initial conditions. Initially, one of us (Glass) con-
ducted such a survey of K = 2 networks basing the
results only on the output of the integrations. Then
we (Edwards and Kappler) conducted another survey,
covering fewer values of N but more values of K , us-
ing independently written code and employing the an-
alytic theory to con2rm the results of the integrations.
Both approaches are non-trivial to carry out in prac-
tice. We point out some of the potential pitfalls below.

The numerics-only approach has the advantage
of simplicity and speed, but conclusions (except for
nodes) are inevitably based on appearances and not
on proof. For example, it is possible in principle for
a cycle of orthants to be followed many times, but
not correspond to a stable periodic orbit. This could
happen if the dominant eigenvector for the return
map lay very close to but outside the returning cone.
Then, trajectories could come back to the returning
cone repeatedly but eventually must fall outside and
go o0 on some other path. In practice, conclusions
based on the numerical integration are probably fairly
reliable.

The numerics-plus-analysis approach has the ad-
vantage of analytic con2rmation of existence of limit
cycles and spiral points, but slows the process down,
particularly because precision of the calculations re-
quired are critical, especially for long cycles. Even in
small networks (N =4), it has been shown that stable
cycles involving hundreds of switchings exist, though
rare [12], and the matrix A in the return map for such
a cycle has very large integer entries. Even small in-
teger matrices for shorter cycles can have high condi-
tion number and therefore make accurate eigenvalue
and eigenvector calculations diOcult.

The procedure for random generation of networks
requires some comment. We take a straightforward
approach, essentially that used by Kau0man [23, p.
192]. First, for each gene we randomly choose the K
genes that provide its inputs from amongst the other
N − 1 genes, each possible set being equally likely.
We do not allow self-input. Then we randomly assign
a Boolean function of K inputs to each gene so that
each set of binary values is equally likely. One impli-
cation of this procedure is that some network struc-
tures are selected more often than others. Consider the
task of selecting a network with N = 3 and K = 1.
For each gene, there is a choice of two other genes
for an input. If the Boolean function we end up select-
ing is the one that does not depend on the input (for
example, if the function value is 0, whether the input
is 0 or 1), then which gene was selected as the input
gene makes no di0erence to the structure of the net-
work. In essence, the e<ective number of inputs to a
given gene is less than or equal to K , but if less than
K then more than one choice of input genes gives the
same network. While it would be possible to design
a sampling procedure to select each network struc-
ture with equal likelihood, it is not clear whether this
is a more appropriate procedure for modelling ran-
dom gene networks, and the straightforward approach
has the added advantage of allowing comparison with
work on discrete-time Boolean NK networks. How-
ever, the implication of the selection procedure should
be noted, and can be signi2cant. For example, it is pos-
sible to calculate explicitly the probabilities of 2nding
nodes, spiral points and limit cycles in N = 3, K = 1
networks by combinatorial arguments. These calcula-
tions are relatively easy in this case because coexis-
tence of two types of attractor in one network is not
possible and only two nodes or two spiral points are
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possible. Using our straightforward random selection
procedure,

Pr(node) =
456
512

= 0:890625;

Pr(spiral point) =
48
512

= 0:09375;

Pr(limit cycle) =
8

512
= 0:015625;

whereas, if we select each network structure with equal
likelihood,

Pr(node) =
172
216

= 0:7962963;

Pr(spiral point) =
36
216

= 0:1666667;

Pr(limit cycle) =
8

216
= 0:037037:

The former set of values can be used as a check on
our numerical results below. We also know that for
N = 3, K = 2 networks, there is only one type of
limit cycle that can occur and it occurs in 8 of the
4096 equally likely networks, so that Pr(limit cycle)=
0:001953125. While it is hard to calculate exact prob-
abilities for general N and K even for nodes, it is
clear that the probability of a random network having
no nodes increases with K . For K = 0, this probabil-
ity is 0; for K = N , this probability is (1 − 2−N )(2N ),
which rapidly converges to e−1 as N → ∞. Thus, the
probability that a random NK network has at least one
node approaches a number greater than or equal to
1 − e−1 ≈ 0:632 as N increases, the speci2c number
depending on K . The presence of nodes in a network
does not, of course, guarantee that all trajectories con-
verge to one of them, but it is clearly possible for large
N that they may be reached after very long transients.

For the 2rst survey, numerical integrations were
carried out for 9000 transition steps (switchings) per
network, and the sequence of switching variables was
searched for periodicities (usually after a transient)
of length up to 500 transition steps. Nodes are found
when there are no more transitions, as described
above. Network behaviour was classed as ‘spiral
point’ if there were no periodic orbits, and some sub-
set of the variables rapidly cycled around 0. Network
behaviour was classed as ‘limit cycle’ if there was a

periodic oscillation of some subset of the variables
with the other variables approaching a 2xed value.
Network behaviour was classed as ‘chaotic’ if they
did not 2t into any of the other classes.

This classi2cation is subject to several inaccura-
cies, aside from numerical error and the possibility
of deceptive transients as mentioned above. In partic-
ular, networks in which there are uncoupled subsets
of genes (i.e., subsets of genes with no inputs from
one set to the other or vice versa) behaving di0er-
ently can cause classi2cation diOculties. This is not
generally expected to be common, but may occur es-
pecially in networks with K = 1, as is the case for
discrete-time Boolean networks [23, p. 203]. If one
subset of genes considered as a smaller independent
network converges to a spiral point, while another sub-
set not coupled to the 2rst converges to a limit cycle,
then our procedure would classify it as a spiral point.
From a mathematical point of view, such a network
considered as a whole converges to a limit cycle on
which some of the variables are simply 2xed. If two
or more subsets converge to limit cycles with peri-
ods that are not commensurate (i.e., are irrationally
related), then the network behaviour as a whole is
quasiperiodic, but will be classi2ed as chaotic here.
This appears to be very rare even though it is clearly
possible. Other combinations of behaviours in uncou-
pled subsets of genes will be classi2ed ‘correctly’ in
the sense of the attractor type of the network as a
whole. A chaotic subset and a periodic subset will be
classi2ed as chaos, for example.

The results of this survey are shown in Table 1 and
Fig. 2.

For the second survey the numerical integration
was carried out by a C program which generated ran-
dom Boolean function values for each orthant en-
countered (rather than generating an entire network
structure since state space is enormous for large N ).
Each network was 2rst integrated for 3000 transition
steps. If no attractor was identi2ed at that point, in-
tegration was continued for another 30,000 transition
steps. There were two conditions under which integra-
tion was stopped before the full set of 3000 or 30,000
steps was complete. If a stable node (focal point) was
reached, no further switchings could occur. Secondly,
if the time between subsequent transitions dropped be-
low 10−15, integration was stopped to avoid problems
with roundo0 error near simultaneous switchings. In
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Table 1
Numerical survey of dynamics of K = 2 networks

N Node Spiral Cycle Chaos

3 7272 2710 18 0
4 6909 2583 489 19
5 6859 2430 684 27
6 7035 2440 522 3
7 6988 2434 575 3

8 334 135 30 1
9 333 120 47 0

10 332 127 41 0
15 334 102 61 3
20 321 123 56 0
25 291 120 84 5
30 302 108 83 7
35 299 101 97 3
40 280 118 95 7
50 284 104 108 4
60 261 122 108 9
70 269 109 106 16
80 257 107 117 19
90 252 114 119 15

100 264 101 115 20
125 251 112 108 29
150 235 114 131 20
175 246 91 120 43
200 240 109 111 40

Numbers of attractors found in randomly generated networks
with random initial conditions. In dimensions 3–7 the simulations
were carried out in 10,000 di0erent networks and in higher di-
mensions the simulations were carried out in 500 networks.

all such cases, a limit cycle or a spiral point was iden-
ti2ed, so no misclassi2cation occurred as a result of
stopping the integration.

After each integration run, an attempt was made to
classify the network behaviour by the following pro-
cedure. First, the sequence of switching variables was
searched for periodic subsequences (after a transient)
in which every variable switched an even number of
times (so that it ended up in the same orthant it started
in). If a subsequence had repeated over at least 3000
steps or the last half of the integration run, whichever
was less, and if these repetitions occurred at least three
times (so that cycles of length up to 1000 might be
found), it was identi2ed as a possible cycle.

If no possible cycle was found and the integrations
had been stopped at a stable node, then the classi2-
cation was complete. If no possible cycle was found
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Fig. 2. Size of network, N , versus probability of each type of attrac-
tor on K=2 networks. Circles indicate data from the numerics-only
survey; crosses indicate data from the numerical/analytic survey.

after the full 3000 steps, integration was continued. If
no possible cycle was found after the full 30,000 steps
in the second integration run, the network behaviour
was classed as ‘chaos’.

If a possible cycle was found, it was passed to an
analysis routine to check the conditions noted above
for existence of stable periodic orbits or spiral points.
This analysis was carried out mostly in Maple, where
eigenvalues and eigenvectors can be calculated with
high precision (we used 30 digits, which gave eigen-
values and eigenvectors of suOcient accuracy), and
where the large integers in the mapping matrix, A, for
long cycles could be handled reliably. If the domi-
nant eigenvalue of A was greater than 1 and the corre-
sponding eigenvector lay in the returning cone for the
cycle map, then the network behaviour was classed as
‘limit cycle’. If the dominant eigenvalue was exactly
1 (identi2ed with a small tolerance in Maple), the net-
work behaviour was classed as ‘spiral point’ (and no
check on the returning cone was made). In any other
case (such as the dominant eigenvector not lying in
the returning cone, in which case the purported limit
cycle does not exist), integration was continued, or
if the second run of 30,000 steps had been done, the
network behaviour was classed as ‘chaos’.
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Finally, as a check on the problem of transients, we
repeated some of the simulations allowing the number
of integration steps to go to 300,000. The results were
very close to those allowing only 30,000 steps and are
not reported here.

While some of the potential problems of the
numerics-only approach are avoided here and we
have more con2dence in the distributions of attractors
found, there are still potential inaccuracies. Quasiperi-
odic attractors will still be classed as chaotic. Other
combinations of uncoupled subnetworks could also
be misclassi2ed as chaotic, such as a limit cycle and
a spiral or two spirals with irregularly interspersed
switchings. If a spiral point involved a complicated
sequence of switchings, we relied on the numerical
repetition to assert that it would continue inde2nitely,
rather than showing that an eigenvector lay in the
returning cone as we did for limit cycles. For the
vast majority of spiralling cycles, this should be suf-
2cient because if the cycle was eventually to be lost,
a di0erent variable would eventually have to switch
but would be very unlikely to wait longer than our
integration time.

The results of this survey are shown in Table 2. The
numbers of occurrences of each behaviour type are out
of 2000 network simulations. Fig. 3 gives one graph-
ical view of these results, showing the dependence of
probabilities of each type of attractor on K for each
value of N6 9.

Although there are some di0erences in the results
from the two surveys, which presumably rePect a
small percentage of misclassi2cations, the overall
trend is similar for the K = 2 networks, which helps
to verify the results of the numerics-only method. The
crosses in Fig. 2 indicate results from this survey.
For K = 2 networks, the probabilities of stable nodes
decreased exponentially with increasing N , perhaps
approaching a non-zero value. The same is proba-
bly true for spiral points, though there appeared to
be more variability in these. The probability of limit
cycles increased in what looks like exponential ap-
proach to some maximum value (from the available
evidence, this seems to be about 1

4 but larger N would
be required to draw a 2rm conclusion).

The e0ect of increasing K was to decrease the prob-
ability of 2nding nodes but to increase the probability
of spiral points, at least for small N . The probability
of 2nding a cycle peaked at K = 2 (or 3 for N = 9)

Table 2
Numerical/analytic survey of dynamics of NK networks

N K Node Spiral Cycle Chaos

3 1 1776 188 36 0
3 2 1410 585 5 0

4 1 1784 171 43 2
4 2 1455 518 27 0
4 3 1103 876 19 2

5 1 1795 152 49 4
5 2 1426 512 61 1
5 3 1118 837 42 2
5 4 869 1094 34 3

6 1 1818 141 39 2
6 2 1377 506 115 2
6 3 1063 856 77 4
6 4 833 1113 46 8
6 5 651 1299 42 8

7 1 1789 150 58 3
7 2 1332 517 142 9
7 3 1074 822 97 7
7 4 812 1114 69 5
7 5 605 1332 51 12
7 6 493 1475 25 7

8 1 1803 136 58 3
8 2 1403 453 131 13
8 3 1034 828 119 19
8 4 752 1143 98 7
8 5 583 1349 58 10
8 6 497 1462 35 6
8 7 419 1551 24 6

9 1 1806 142 49 3
9 2 1376 469 143 12
9 3 967 850 156 27
9 4 728 1149 98 25
9 5 555 1365 65 15
9 6 415 1536 39 10
9 7 392 1585 18 5
9 8 340 1645 9 6

Numbers of attractors found in randomly generated networks
with random initial conditions. Simulations were carried out in
2000 di0erent networks for each combination of N and K .

decreasing for larger K . The probability for K=1 was
less dependent on N and for N¿ 5 there was an in-
crease in the probability of 2nding a cycle between
K =1 and 2. Thus, in general K =2 networks seemed
to favour limit cycles more than any other K . The
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Fig. 3. Number of inputs, K , versus probability of each type of attractor for small NK networks (N =3–9). Each value of N has a di0erent
line type which can be determined by observing that the maximum value of K simulated was N − 1 in each case.

probability of 2nding chaos followed a less clear pat-
tern as K varied. In our simulations it increased with
K¿ 2 in the cases N=4; 5; 6 but for N=8 and 9, it ap-
peared to reach a maximum at K =3 and decrease for
larger K . From another point of view, we 2nd that for
2xed K ¿ 2, the number of networks reaching nodes
generally decreases with increasing N and the number
of chaotic networks generally increases.

5. Conclusions

The extent to which the methods here are applica-
ble to real genetic systems is not known. The current
equations are not realistic for many reasons: (i) control
of gene expression is not on or o0 but is graded; (ii)
there may be time delays associated with synthesis or
degradation of gene products not accounted for here;
(iii) decay rates of di0erent gene products are di0er-
ent; (iv) although a single gene product might con-
trol expression of many di0erent genes, the threshold
levels for activation and/or inhibition may be di0er-
ent for di0erent targets. However, all these represent

quantitative changes in the equations, and the extent to
which these changes inPuence the qualitative proper-
ties of the equations is still largely unknown. Further,
it is intriguing that a recent analysis of gene expres-
sion in sea urchin concludes that the gene control can
be approximated by a logical function based on the
presence or absence of relevant factors that control the
gene expression [35].

Our work shows a number of consistent patterns
in probabilities of reaching di0erent attractor types as
the size of the network, N , and the number of inputs
per gene, K , are changed. Increasing N for 2xed K
generally decreases the probability of reaching a 2xed
point, but increases the probability of reaching a cycle
or a chaotic attractor (at least for K = 2). Increasing
K for 2xed N decreases the probability of reaching
a node, but correspondingly increases the probability
of converging to a spiral point, at least for small N ,
while the probabilities of cycles or chaos peaks at
about K = 2 or 3. It would be interesting to extend
these results to the case of larger N and K ¿ 2, where
some preliminary tests we have conducted suggest that
chaos becomes very likely as K increases.
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