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BISTABILITY, PERIOD DOUBLING BIFURCATIONS AND CHAOS
IN A PERIODICALLY FORCED OSCILLATOR
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A two parametermathematicalmodel for aperiodically forcednonlinearoscillatoris analyzedusinganalyticaland
numericaltechniques.Themodeldisplaysphaselocking, quasiperiodicdynamics,bistabifity, period-doublingbifurcations
andchaoticdynamics.Theregionsin which thedifferent dynamicalbehaviorsoccurasa functionof thetwo parameters
is considered.

Recentexperimentalstudies[1,2] of periodically The map in (1) canarisefrom the following process.
forcednonlinearoscifiatorshaveshownthepresence Assumethereis a variabley(t) andathreshold,0(t),
of period-doublingbifurcationsandchaoticdynamics

0(t) 1 +j3sm2irt, (2)
obeymguniversalscalingpropertiespredictedby simple
theoreticalmodels[3—5].Although a detailedtheo- where0 ‘~ /3< 1. Thevariabley(t)is a piecewiselinear
reticalanalysisof [1,2] hasnot yet appearedit has function of time.The slopeofy(t) is —a,whereais
beenshownthat thedynamicsof a periodicallyforced a positiverealnumber,everywhereexceptat isolated
nonlinearoscifiatorcanoften be representedby a one timest

0, t1, .. . t1. At t1 the variablediscontinuously
dimensionalPoincarémap,f wheref:S

1 ~ Si [6—11]. jumpsfrom zeroto 0(t.) (fig. I). Thus,
Forexamplesuchareductionis possiblefor periodical-
ly forcedrelaxationoscillations[7—9],theperiodical- t~+

1= t~+ 1/a + (/3/a) sin 21rt~ (3)
ly drivenJosephsonjunction [11], andperiodicstimu- andtheprocessis describedby (1) provideda>b.
lation of spontaneouslyactivecardiaccells [10]. Repeatediterationof (1) generatesa sequenceof

In the following we considerthe map pointsx1 f(x0),x2 =f(x1) f
2(x

0) Thereis

x~÷~f(a, b,xt) =Xt + a + b sin 21rx~ (mod 1) (1) a fixed pointof(1) of periodNif

wherea, b are positiverealnumbers.Forb < l/2ir,f Xt+N xt; x~~1~/=xt I ~i <N. (4)
is a diffeomorphismof thecircle and thedynamics If thereisa fixed point of periodN, thentherewill
arewell understood[12—15].Forb = 1/2~rnovel be a cycleof periodIV~x~,xt, x~,. .. x~= x~.A cycle
scalingbehaviorhasrecentlybeenobserved[16]. For is stableif
b> 1/2ir, althoughchaoticdynamicshavebeenobserv. ‘a N—i
ed [6,11], a detailedanalysisof the dynamicsasa func- ~L~) = fl <1 . (5)

tion ofaandb is not available.In the following, we Xt xt=x~ i0
mainlyconsiderthedynamicsof(1) for b> 1/2ir.
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= —1. This occursalongthe family of hyper-
bolaeb2 — (M — a)2 = ir2 which separatethe 1: M

and2 : 2M phaselocking regions.
Additional analyticresultscanbeobtainedonly for

specialcases.Forthevaluesa /,j = 0, 1,2, ..., there
are two stableperiod2 solutionsof (1) for 0.5 ~ b
~ (0.25+ 1 /27r2)1/2 correspondingto stable2 : 2/phase
locking. At b = (0.25+ l/2ir2)1/2 the two stable

0 .0 2.0 3.0 period2 solutionslose theirstability by a period-
time doublingpitchforkbifurcationleadingto two stable

Fig. 1. A modelwhosephaselocking propertiesaredescribed period4 solutionscorrespondingto 4 : 4/ phaselock-
by (1) and (3). Thereis a sinusoidallymodulatedthreshold, ing. Analtyic resultscanalsobe obtainedfora = 1

anda linearly decayingactivity which discontinuouslyjumps +0.5,j= 0, 1, 2 For 0<b ~ ir~2—1/2 thereis a
from avalueof zeroto thethreshold.Phaselocking is repre-

stable 2 :2/ + 1 phaselocking. At b = ~-124/2 thesentedby the ratioof 2 integersN: M whereN is thefre-
quencyof thesawtoothfunctionandMis thefrequencyof period2 solutionlosesstability by a perioddoubling
thesinewave.For theparametersin this figure [~ = 0.69,13 pitchforkbifurcationleadingto a period4 solution
= 0.39 in (3)], thereis stable1:2 and2 :2 phaselocking. correspondingto 4 : 4/ + 2 phaselocking.

Numericalstudieshavebeenusedto detenninethe
Stablecyclesof periodN areassociatedwith stable boundariesof somephaselocking regionsasa function

phaselockeddynamics[6—10].We saythat thereisN: of a andb. The analysiswasaidedby computingnum-
M phaselocking if foreachN cyclesof thesawtooth erical estimatesof the rotationnumber,p, and
functionthereareM cyclesof the sinusoidalforcing Lyapunovnumber,A, which are defined,
functionwherethesawtoothresetsatN distinct phases N
of the sinusoidalfunction.Forthe cyclex~,xt... p(a, b, x

0) lim ~La +b sin 2irx1, (8)
x~=x~,Mcanbereadilycomputed N—~°°i0

N. N

M = a + b sin 2ir4 . (6) A(a b,x0) = lim E log ~xt=~xi (9)
i=1 N~~~o0Ni=0 ~

A systemdisplaysbistabilityif therearetwo different Therotationnumberis rational for periodicdynamics
stablecyclesfor a singleset of parametervalues[8,9]. andirrational for aperiodicdynamics[12—151.The
Fig. 1 illustratesbistabiity in which thereis 1: 2 and Lyapunovnumberis negativefor stablecycles,zero
2 : 2 stablephaselocking for a= 0.69,j3 = 0.39in (3). for quasiperiodicdynamicsandat tangentandpitch-

Eq.(1) displaysthe symmetry forkbifurcations,andpositive for unstablecyclesand

f(0, b, 1 — x~)= 1 —f(0, b, xe). (7) chaoticdynamics[18,19]. Thenumericalestimates
for p andA were computedover 100 iterationsof(1)

We showelsewhere[17] that this symmetryleadsto for severalinitial conditionsfollowing aninitial
the following symmetriesin the phaselocking zones: transientof 10 iterations.We takea positivevalueof
(i) if thereis N : M phaselocking fora = 1 + �~0 ‘~ � the Lyapunovnumberasanoperationaldefinition for
~ 0.5 thentherewill beN: 3N — M phaselocking chaoticdynamics[18,19].
for a = 2 — e, and(ii) if thereisN : M phaselocking Fig. 2 showstheboundariesof someof themain
fora a0,1 <a0 <2, thentherewill beN :M +NK phaselocking regionsasa function ofa and b. The
phaselocking for a = a0 + K withK an integer. width of someof theregions(e.g.3 :4 and2 : 3) is

Theboundariesof the 1:M phaselocking regions sonarrow asb increasesthat the width cannotbe ac-
canbeanalyticallycomputed.Forb = a — MI, WI curatelyrepresentedin this figure. Thus,thecusp.
axt)xtx * = 1, andthusasb isincreasedfrom zero for like extensionsof the 3 : 4 phaselocking regionasb
fixeda theperiod 1 solutionsappearvia a tangent increases,enclosearegionwhoseboundarieshave
bifurcation.As b continuesto increaseat fixeda, beencollapsedinto a sihgleline in thedrafting of the
thestability of the period 1 solutionsare lost via a figure. In the labelledphaselocking regionsthereis
period-doublingpitchfork bifurcationwhen(~f/
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1.0 thephaselocking regionswith the largestareain (a, b)
parameterspaceare includedin fig. 2. in a subsequent

paperwe will showthat theotherstablecyclesfor
0< b < 1/2ir also extendtob> 1/2ir. Eachonesplits
into two branchesin a fashionsimilar to the splitting
of the 2 : 3, 3 : 4 and3 : 5 regions.

Sinceotherperiodicallyforcednonlinearoscifiators
b canbe analyzedby onedimensionalPoincarémaps

0.5 “~-2.2 2.4 having thesymmetryandtopologicalpropertiesof(1),
we expectthatthe main featuresof fig. 2 will alsobe

2:2 2:4 foundin othersystems.However,experimentalobser-
vationof this rich structurewifi be difficult since

:2 many of thephaselocking regionsoccupyextremely
2,3 small regionsof parameterspaceandare easilydestroy-

3:4 3:5 edbynoise.

0 This work was supportedby a grant from theNa-
1.0 1.5 2.0 tural SciencesandEngineeringResearchCouncilof

C

Fig. 2. Locally stablephaselocking regionsfor (1). The dash- Canada.We thank M.C. Mackeyand M.R. Guevara
ed line atb = i/2ir separatestheregionsin which (1) is a for helpful comments.Thiswork wasperformed
monotonicfunction of theunit circle (b < i/

2ir) anda non- while R. Perezwasa visiting scientistat McGffl Uni-
monotonicfunction (b> i/2ii). In thenon-labelledregions

versity.
arephaselocked,quasiperiodicandchaoticdynamics(see
text).
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