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Statistical Approaches
to the Analysis
of Receiver Operating
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tn this article we review published and st.rn'e unpubiished work in statistical analyses

of ROC curves. We describe both single and jgint indices and indicate the

approaches that have been taken to consider between-reader variations and correla-

tions, within-reader variations, and variations and correlations between cases'
We then discuss in detail a single index. the IP ratio at a fixed FP ratio (desig-

nated ZPr"), or the FP ratio at a fixed IP ratio (designated FPTp). We show how to

caiculate confidence limits around cnv point on the curve; we further show, using the

conventional Dorl 'man and Ail program and the jackknifing technique, how to cal-

culate these confidence limits for multiple curves derived from the same sample of

patients. (Med Decis Making 4:137-150' 1984)

Over the past 20 years investigators have proposed a number of indices to

describe receiver operating characteristic (ROC) curves' and have developed

statistical techniques to compare two or nlore curves [l-3]. In this article we

will briefly review past work in this field and wil l indicate an approach to

dealing with the problem of comparing differences between two or more

ROC curves at a single operating point in either the true positive ( IP) or

false positive (FP) dimelsion. We shall f irst review commonly used indices

and discuss their statistical evaiuation for experiments with unpaired and

with paired designs.

Indices to Describe ROC Curves
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area under the ROC curve. When discrete rating dat-a are used (e.g., 5-point

or 6-point rating scales for radiology imaging exr-leriments), and when ROC

curves are assumed to be based on two underlying Caussiarr distributions, a

maximum likelihood estimation program b-v Dorfrnan and A1f [4] can be

used to fit data points to a smooth curve and to derive thereby (along with

other indices) the area under this fitted curve and its associated standard

error. This area is designated A- and ranges in value from 0.0 to 1.0.

If the ROC curve is drawn by connecting the pairs of observed TP and

.FP ratios, and if the trapezoidal areas are summed, the resulting non-
parametric area is designated P(A).The common availabil ity of the Dorf-
man and Alf program, underestimation of the area, and undue dependence
on extreme points have decreased the use of the P(,4 ) index for rating data.

When continuous dala are available (as from chemistry laboratory tests,
white cell counts, individualized predictions from logistic regression or dis-

criminant analysis) and ROC curves are created, no assumptions on under-

lying distributions need be made to obtain area measurements. Instead,

Bamber's recognition of the equivalence between the area under the ROC

curve and the Wilcoxon statistic Zallows immediate and direct calculation

of W and hence the area [5]. Hanley and McNeil 's [6] derivation of a closed

form approximate expression for the standard error associated with the

Wilcoxon statistic can be used to approximate the standard error of the

area.

SropE-RrrerED AND INrrRcspr-RELATED INorces. When ROC curves

are assumed to be based on underlying Gaussian distributions, the expected

ROC points should follow a straight line when plotted on binormal coordi-

nate paper t2l . This assumption has led to the development of a series of

indices related to the slope and intercept of the straight line fit to the

observed ROC points. In general, these are derived after observed data are

fitted with the Dorfman and Alf program. The true slope of the l ine is desig-

nated b and its true intercept a (estimates of these are designated d and b;

however, for simplicity, throughout this manuscript the estimate sign will

be omitted and all symbols a and b will designate estimates); a divided by b

is called Am, an index commonly used in radiology phantom studies. Con-

ceptually, Am is a form of a standardized difference between the means of
two normal distributions (which may have different variances). Other
derived indices are also available (see [2] for a complete summary). The

Dorfman and Alf maximum likelihood program provides estimates for a

and b,var(a) ,  var(b) ,  and covar(4,  b) .  E i ther  of  the above pai rs  of  ind ices
(e.g., Am and the slope or a and b), or any other pair derived from them, is

sufficient to describe fully a binormal ROC curve.

Statistical Tieatment: Area Index
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may be allnost the same, in the clinical range of interest one may be superior Th
to the other. In addition, even if two curves do not cross, one could imaginE Zr,
that differences would exist at one point (the clinically relevant one, per- ch<
haps) on the curve but would not be detected in any global test. In either of ma
these two situations raw rating scale data may not ailow direct comparisons shc
to be made, since it is unusuai for indentical interpretive critera (i.e., identi- (M
cal FP ratios) to exist in different experiments. In particular, this means that rea
the observed TP ratio on one curve at a particular criterion cannot be cor
directly compared with that on another curve, because the associated FP an(
ratios observed may be different. cor

CSF

Methods

In this section we elaborate an approach to comparing differences between the
two ROC curves at one point (either TP or FP). This is also part of a com- (fr,
prehensive computer package being prepared by Metz [0] . Our approach is Zr
based on fitted ?"P and FP ratios, obtained from fitted parameters from the me
Dorfman and Alf maximum likelihood estimation program for rating-based on
ROC curves [,4] . The method yields confidence intervals around true posi- bet
tive ratios at a fixed faise positive ratio (designated TPpp) or around false the
positive ratios at a fixed true positive ratio (designated FP7). Illustrative

examples are presented.
The maximum likelihood estimation program of Dorfman and Alf pro-

vides parameters that aliow calculation of IP ratios at any FP ratio and anl
thus provides the basis for comparing two ROC curves at either the same rat
TP ratio or the same .FP ratio. ln brief, the relevant outputs for this purpose ate
are: (1) a, the normai deviate value of the intercept of the ROC curve with se!
the 7 axis; and (2) D, the slope of the ROC curve obtained from ROC curves ier
plotted on normal deviate axes. The equation for this purpose in normal gl
deviate space (Z) for the ZP ratio is:

Zr, - bZpp- a. (2) Ple
val

The quantity Z7p on the Z scale can be converted to irP on the 0-10090 scale sol

by determining what percentage of the normal probabil ity distribution l ies ret

above (i.e., to the right oD Zrp. val

The Dorfman and Alf output also provides the variance and covariance
terms var(c) ,  var(b) ,  and covar(4,  b) .  These can be used to calculate the f ro

sampling variance or uncertainty of Z7p and thus of TP itself. This is done pu

in two steps. First we calculate a confidence interval for Z7p (in the Z scale),
and second we transform the confidence interval back into the usual

0-10090 scale. The relevant equation for calculating the variance around a
Z7p ratio is:

var(bZnr- o) :  Zfnvar(b) + var(a) - 2Zepcovar(a, b). (3)
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var (b '  -  b )  =  var (b r )+var (b . )  -2covar (b t ,  b . )
v a r ( a r - a r )  :  v a r ( a r ) + v a r ( a " )  - 2 c o v a r ( a , ,  a . )

covar ( t r ,  -b2 ,  ay-a)  =  covar (b , ,  a , ) -covar (b , ,  o r ) -covar (br ,  a r )
+ covar(br, ar)

The second method is useful i f  Metz's program is unavailable. We can
approximate var (21 - Z) by the method of jackknif ing (see Fleiss [ l l ]  for a
general introduction to jackknifing, and Efron [12], equations 6.11 and 6.17 ,
for the jackknife variance in two-sample problems). When the rating data
come from n" normals and na abnormals, the jackknife method consists of
obtaining nN+ nA different estimates of Zr- 22 and using the quantity

E  I ( Z t -  Z )  -  1 z , i -  z . l ) 2

as the jackknife variance of (Zy- Zr). The quantity (Zr- Z) is obtained
from the entire data set. The i th jackknife estimate (Zi- Zil is obtained by
fitt ing two separate ROC curves to the data set (of n1,,+na-1 subjects) Ct
formed by deleting the paired ratings of the i th subject from the original Al
data set. Although this may sound computer-intensive, the numbers of pairs
of ROC curves to be fitted depend on the number of rating categories and
not on the number of patients. For example, data on a five-point rating
scale wil l involve at most l0 distinct values for each modality; the nn+n1,
quantities being summed in equation (6) will occur in multiples. 

Eq

ExrENsroN oF THE Mrrnoo ro Murrrprr Rr,tnrns. As we have done so va.

far, we still base the analysis on equation (4), but now need to include sid

between-reader (56r) and within-reader (Srr) variances. For this purpose we 5q

use equation (5) (Chapter 4) from Swets [], as shown here: 1.6

SEroi rn:  2" '  I  s !** ,11 - t ,  * , ) *  
t i ' : * '  

( l - ro,  * , ) -51, ,  l t ' '  ,  (7)

L '
rb, ,r: the observable correlation between the Z7p's obtained when a set

of readers reads the same cases in the two settings

rc,wr:the observable correlation between the Z7p's obtained when a
single reader reads the same set of cases in two settings

S.2*,,:53+Si., the observable variance in Z7p that would be found by
having one reader read once each of a set of different case samples

S3**,: Sj,+ S|,, the observable variance in Z7p that would be found by
having one case sample read once by each of a set of different readers

S],:the observable variance in Z7p that would be found by having one
reader read one case sample on two or more independent occasions

/ : the number of indeoendent readers
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Table 2. Predicted Thue-Positive Values at Fixed False-Positive Values,
Using Equation (2)

FP f, u/0 l09o 20Vo

2,,
TP
SE of Zrc
9590 CI on Z*
95Vo Cl on TP

- 0.48
68.44
0.26

(  -  1.03,  0.07)
(84V0,49Vo)

-  0.74
77.U
0.23

( - r . l e ,  - 0 . 2 8 )
(8890 ,3990 )

-  1.06
8 5 . 5 4 -
0 .35

( -1 .16 ,  -0 .36 )
(96V0, 36Vo)

Rea

\\ ir
H i r

\t a:
est r l

c l t r
da t r
Anl
a r (
sho
valr

The 95 percent confidence interval for Z7p is thus -0.48+ 1.96(0.2579), .,
or ( - 0.99 to 0.03). Using the same merhod used to transform Z: - 0.48 to u^' '

a rounded ?"P value of 68 percent, we can transform the Z= -0.99 and 
",.'

0.03 back to upper and lower ?"P limits of 84 percent and 49 percent. ;t-
Table 2 summarizes the standard errors obtained in this wav for three

points on the above ROC curve. 
- 'De

Equation (3) gives confidence limits about this value as follows:

v ar ( Z 7) : (1.645)'� (0.04 6'7) + 0.097 4 - 2(1.645) (0.M78)
: 0.0665

SE(Zrp) = 0.25'79.

CoMp,lRrNc Ttvo Cunvss (UNrenEo Dnm) er ONr ?"Ppp. Table 3 dis-
plays two sets of rating data for previously published results on gallium

Table 3. Ranking Data For an Unpaired Experiment [13]

Rating*-BWH
3

Nondiseased
Diseased

4
l 9

I

A

I

Rating* -JHH

3

r3
6

4

12
5

s

t
B'*
'7 

i'.

Nondiseased
Diseased

J

l 8

BWH

a : 0.6665
b : 0.4316

var(a) = 0.07234
var(b)  :  0 .03639
covar(c,  b)  = 0.0163

J

J

JHH

a

b

var \o )
var  (b )
covar(a, b)

1 l (
r 2

T\\  C

gra
Thc
t i r  c
0 .  i '
l n t

2
6

0.7631
0.6969

0.1822
0.2021
0.125'7

i l = definitely abnormal; 5 - definitely normal
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The three subcomponents, calculated as for equation (5), yield values of
0.3820,  1"0416,  and 0.5877,  so that  equat ion (5)  y ie lds

var  (2,  Zr t  = ( t .28))  0.3820 + 1.0416 -  2(1.28)  0.5811
= 0.1630

SE(Zr-  Z)  -  \0 .1630 = 0.40.

Thus the crit ical ratio is -0.90/0.40, or 2.25, indicating that at FP:l}qo
ZP's obtained with history are statistically higher.

With the jackknife technique, the paired ratings of successive patients
were eliminated, as described in the Appendix, to create 54 + 35 :89 differ-
ent data sets, each with 88 patients. Using the steps in the Appendix, we
obta ined the jackkni fe est imate of  SE(.Z1 -  Z) :V0.1966:0.44,  which is
only l0 percent higher than the more parametric SE of 0.40 calculated by
the "paired binormal" model of Metz.

Discussion

The work was motivated by two concerns with the use of area indices for
comparing two ROC curves: (1) That two curves might cross and in such
cases similar areas might result; and (2) that even in the absence of crossing
curves similar areas might result when, in fact, statistical differences could
exist in the region of clinical interest. These concerns pointed to the need to
make comparisons at single points on either the TP or the FP axis. In the
process of developing the analysis discussed here we realized that there was
a need to provide a brief overview of commonly used indices for ROC anal-
ysis, whether paired or unpaired experimental designs were used.

The major point of our review and analysis is this: Once we assume
binormal distributions of an ROC curve, all statistical properties are deter-
mined by the parameters s and b of the maximum likelihood fit to the data.
This paper has emphasized the use of these parameters for calculating confi-
dence limits around single ?"P or FP points onywhere along the ROC curve.
Others, particularly Swets and Pickett [], have discussed confidence limits
explicit ly in relationship to area measurements and IP points correspond-
ing to observed ?"P-FP pairs.

To put this work in perspective it is worthwhile to summarize previous
work in the general area of statistical analyses of ROC curves. The work
falls along two lines: (l) the use of a single index (for example, the area or
?"Ppp) versus joint indices (for example, slope and intercept); and (2) con-
sideration of between-reader variations and correlations, within-reader
variations, and variations and correlations between cases.

Swets and Pickett [] give formulas for single indices that cover all possi- ND
ble experimental designs. Hanley and McNeil [6] elaborated on statistical D
considerations relating to a specific single index, namely the area; because
of the unique relationship of the area to the Wilcoxon statistic it is possible De

to calculate explicitly the associated standard error due to case sampling. histol
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