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Th i s  paper reviews t h e  a n a l y s i s  o f  prospec t ive  epidem- 

i o l o g i c a l  s t u d i e s  u s ing  gene ra l  l i n e a r  models t o  descr ibe  d i s ea se  

inc idence .  I t  i s  shown t h a t ,  a p a r t  from problems a r i s i n g  from 

the  l a r g e  s i z e  of  most s t u d i e s  of t h i s  type ,  t he se  models may be 

f i t t e d  by maximum l i k e l i h o o d  (us ing  GLIM, f o r  example) assuming 

a Poisson l i k e l i h o o d .  A l t e rna t i ve  methods f o r  dea l i ng  with 

la rge-sca le  d a t a  a r e  discussed,  and some simple procedures f o r  

dea l i ng  with common problems are ou t l i ned .  The r e l a t i o n s h i p  of 

t he  approach t o  mul t ip le  l o g i s t i c  ana ly se s  i s  ind i ca t ed .  

1. INTRODUCTION 

Ae t io log i ca l  s t u d i e s  a r e  c'oncerned t o  e l u c i d a t e  t h e  f a c t o r s  

r e l a t i n g  t o  t h e  onset  o f  a  d i s ea se  i n  i nd iv idua l s .  There a r e  two 

types  of such s t u d i e s  and prospec t ive  s t u d i e s .  F o r  r ea sons  of 
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economy and f e a s i b i l i t y ,  the  former a re  more commonly used and 

many recent papers have c l a r i f i e d  the i s sues  involved i n  t h e i r  

s t a t i s t i c a l  analysis .  This paper aims t o  review the  methods of 

analysis  of prospective s tudies .  

It is  a cen t ra l  tenet  of t h i s  paper t h a t  prospective 

ae t io log ica l  s tud ies  y ie ld  censored observations of f a i l u r e  times. 

The r i s k  of contracting one of the  diseases with which most 

epidemiological research is presently concerned, such a s  cancers 

and cardiovascular disease,  increases w i t h  time within an 

individual (or  a t  l e a s t  does not decrease). Thus, it is  not un- 

reasonable t o  imagine t h a t ,  given s u f f i c i e n t  time, any studied 

individual would succumb t o  any par t i cu la r  disease considered. 

That such observations are  not made may be a t t r ibu ted  f i r s t l y  t o  

the f i n i t e  duration of observation imposed by study f e a s i b i l i t y ,  

and secondly by the act ions  of other diseases, which eliminate 

individuals from fur the r  consideration by r a t h e r  more d r a s t i c  

means. With t h i s  view, it might be regarded a s  more relevant t o  

study not whether o r  not disease onset is observed i n  a given 

individual,  but when it occurs. 

I n  recent years, a considerable l i t e r a t u r e  has accumulated 

concerning the  analysis  of censored su rv iva l  time data.  Most of 

t h i s  work concerns prognostic s tud ies  which seek t o  measure the  

time t o  death (or  relapse) of pa t i en t s  a f t e r  the  commencement of 

treatment upon first diagnosis. Prospective epidemiological 

s tud ies  are  super f i c ia l ly  very s i m i l a r  t o  these, but pose t h e i r  

own par t i cu la r  problems. These are r a r e l y  addressed specif ical ly ,  

and a r i s e  mainly because: 

(a) it is not always c l e a r  from which or igin  survival  time 

of an individual i s  t o  be measured, and 

(b) prospective s tud ies  a r e  usually (although not always) of 

very large scale  and pose spec ia l  data-processing 

problems: although methods which require  i t e r a t i v e  

solut ion involving many passes through the  e n t i r e  data  

are,  these days, feas ible ,  they coulct not be embarked 

upon l i g h t l y .  
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To t h i s  list of problems could be added the  fu r the r  r e -  

quirement t h a t  such analyses must be convincing and readi ly  ex- 

plainable t o  non-s ta t is t ic ians .  Although, perhaps, t h i s  require - 
ment i s  not unique t o  epidemiological s tudies ,  it i s  p a r t i c u b r l y  

important i n  t h a t  area .  The long term aim of ae t io log ica l  s tudies  

is the prevention of disease, and the implementation of t h e i r  

f indings  involves the exertion of considerable p o l i t i c a l  and 

s o c i a l  pressure. Such campaigns cannot r ead i ly  be launched on the 

basis  of analyses, understandable only t o  s t a t i s t i c i a n s .  For t h i s  

reason, t h i s  paper w i l l  endeavour t o  r e l a t e  proposed analyses t o  

t r a d i t i o n a l  epidemiological techniques, notably the 'standard- 

i s a t i o n '  of r a t e s .  

2. THE MEASUREMENT OF INCIDENCE RATES 

Consider first a disease, the  r i s k  of onset of which remains 

approximately constant with time within an individual .  It is  well 

known tha t  the  d i s t r ibu t ion  of time-to-onset of such a disease i n  

a homogeneous population is  an exponential d i s t r ibu t ion .  I f ,  f o r  

an individual who is healthy a t  t, the probabi l i ty  of onset of 

disease during the in te rva l  t -+ t + 8t  is  A&, then the dis- 

t r i b u t i o n  of time-to-onset is given by 

It is useful,  also,  t o  introduce the 'survivor function'  

I n  general failure-time theory, A is usually cal led the 'hazard' 

o r  ' f a i l u r e  r a t e ' .  I n  epidemiological terminology, when t rep- 

resen t s  time t o  first onset of c l i n i c a l l y  recognisable disease,  

then 1 i s  the 'incidence r a t e '  of the disease.  The estimation of 

such an incidence r a t e  from a prospective study is r e l a t i v e l y  

s t r a i g h t  forward. Let the  i - th  individual s tudied have been 
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studied from time t o  toi Up t o  tli a t  which time, e i t h e r  onset  epidemiological t e x t s  a s  t h e  d e f i n i t i o n  of t h e  incidence r a t e .  

of t h e  s tud ied  d i sease  o c c u r r e d %  observat ion of t h e  i n d i v i d u a l  Confidence interval :  may be obtained f o r  A by not ing t h a t ,  

had t o  be terminated f o r  some o ther  reason.  L e t  di i n d i c a t e  which asymptotically, logA is  d i s t r i b u t e d  approximately n o r m l l y  with 

of these  p o s s i b i l i t i e s  occurred with v d u e s  1 and 0 respec t ive ly .  variance l/.Zdi. 'Exact '  i n t e r v a l  es t imat ion  is  not possible  

Let us  assume, f o r  t h e  present ,  t h a t  the  mechanism of without knowledge of t h e  va lues  t h e  per iods  of observat ion 

censoring is  unre la ted  t o  t h e  disease process, (a l thou& we (tli - toi) would have been i n  those i n d i v i d u a l s  who suf fe red  

s h a l l  d i scuss  t h i s  assumption l a t e r ) .  Then, t h e  log-l ikel ihood onset of t h e  d i sease .  These cannot be known e x a c t l y  f o r  r e a l  

a group of N such i n d i ~ i d ~ a l s ,  a l l  sub jec t  t o  t h e  same i n -  

cidence r a t e ,  is  given by Al te rna t ive ly ,  a Bayesian approach may be adopted. A gamma 

d i s t r i b u t i o n  provides t h e  most convenient p r i o r  f o r  A ,  y i e l d i n g  

N {f (tli) 1% L F ( ~ ~ ~ )  jl-% another  gamma d i s t r i b u t i o n  a s  p o s t e r i o r .  For  l a r g e  samples t h i s  
L(A) = C l o g  

approach y i e l d s  t h e  same i n t e r v a l  es t imates  a s  t h e  asymptotic 

approach described above. 

It should be not iced t h a t ,  s ince  inference depends only upon 

(3) 
the  i n t e r v a l s  ( t H  - toi), and not upon e i t h e r  time alone, t h e  

choice of t h e  o r i g i n  f o r  t h e  time s c a l e  is, f o r  t h e  moment, ir- 

relevant.  T h i s  remains so  u n t i l  we consider time-dependent r i s k s  
Now t h i s  l i k e l i h o o d  is  e x a c t l y  t h e  same a s  would be obtained by i n  s e c t i o n  7. 
assuming t o  be independently d i s t r i b u t e d  Poisson v a r i a t e s  

with expec ta t ions  A(tli - toi) .  T h i s  assumption is' c l e a r l y  f a l s e  

s ince  di cannot exceed 1 and ( t  - t ) a r e  sometimes random 
li o i  

v a r i a b l e s  r a t h e r  than known cons tan ts .  However, t h e  l i k e l i h o o d  

i s  e x a c t l y  t h e  same a s  if t h e  Poisson assumption h e l d  t r u e ,  and 

t h i s  f a c t  can be used t o  considerably s impl i fy  es t imat ion .  I n  
p a r t i c u l a r ,  t h e  asymptotic p r o p e r t i e s  of  t h e  ma&um l i k e l i h o o d  

es t imate  A of t h e  incidence r a t e ,  A ,  .holds good. It i s  given 

by ; 

t h e  t o t a l  number of new cases observed, divided by t h e  t o t a l  of 

t h e  periods of observation. This  expression occurs i n  s e v e r a l  

3 .  MODELLING INMVIaTAL DIFFERENCES 

It would, of course, be a very unambitious s tudy which sought 

only t o  est imate t h e  incidence r a t e  of a d i sease  i n  a populat ion.  

I n  general ,  prospect ive s t u d i e s  involve measurements on t h e  

ind iv idua ls  s tud ied  a t  t h e  time of t h e i r  admission, { to i l .  Thus, 

each ind iv idua l  w i l l  be charac te r i sed  by vector ,  zi say, of ob- 

se rva t ions  of s o c i a l ,  geographical and behavioural  v a r i a b l e s  ( o r  

factors)which may o r  may not  be r e l a t e d  t o  d i sease  incidence.  We 

s h a l l  c a l l  t h i s  t h e  ' r i s k  f a c t o r '  vec tor  i n  l i n e  with the  usua l  

epidemiological  terminology. 

I n  general ,  t h e r e  w i l l  be more than  one r i s k  f a c t o r .  Some 

f a c t o r s  may be of ,great  i n t e r e s t  t o  t h e  i n v e s t i g a t o r s ,  and some 

may be well  known but be s o  important t h a t  they cannot be ignored 

i n  t h e  a n a l y s i s .  Risk f a c t o r s  may be ca tegor ica l  v a r i a b l e s  (such 

a s  s o c i a l  c l a s s ,  occupation, a r e a  of res idence) ,  o r  may be con- 

t inuous  measurements (such a s  blood pressure and serum c h o l e s t e r o l ) .  
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The way of i n v e s t i g a t i n g  the  e f f e c t s  of such r i s k  f a c t o r s  is 

t o  assume some parametric form f o r  t h e  dependence of incidence , 
r a t e  upon r i s k  f a c t o r ,  A (21@ say, where @ is a vec tor  of param- 

e t e r s .  The most convenient func t iona l  form is  t h e  general  l i n e a r  

model  elder and Wedderburn, 1972) 

The n a t u r a l  choice of ' l i n k '  funct ion,  g(A) is the  logarithm, 

s ince  t h i s  y i e l d s  s u f f i c i e n t  ' s t a t i s t i c s  f o r  p and B ( a s  is t h e  

case f o r  a  simple Poisson dependent var iab le ) .  FIith t h i s  l i n k ,  

t h e  model is 

then  it is c l e a r  t h a t  models spec i fy ing  'no i n t e r a c t i o n '  between 

r i s k  f a c t o r s  p r e d i c t  t h a t  f a c t o r s  a c t  toge ther  m u l t i p l i c a t i v e l y  

i n  t h e i r  j o i n t  e f f e c t  upon t h e  incidence r a t e .  This  model seems 

t o  perform well  i n  a  number of  s i t u a t i o n s ,  a t  l e a s t  a s  a  first 

approximation. The bes t  known examples a r e  t h e  mult iple  f a c t o r s  

r e l a t e d  i n  t h e  incidence of coronary h e a r t  d i sease ,  a s  e s t a b l i s h e d  

by tk F'ramingham study and elsewhere, and thee j o i n t  e f f e c t  of  

c i g a r e t t e  smoking and asbes tos  exposure i n  lung cancer. 

It is important t o  no t ice ,  however, t h a t  two f a c t o r s  

opera t ing  through two d i f f e r e n t  and independent mechanisms would 

a f f e c t  incidence a d d i t i v e l y  r a t h e r  than  mul t ip l ica t ive ly .  It. 
should a l s o  be noted t h a t  t h e  impl ica t ions  of add i t ive  o r  mult i -  

p l i c a t i v e  e f f e c t s  of r i s k  f a c t o r s  may be q u i t e  d i f f e r e n t  f o r  

preventive s t r a t e g i e s .  The f a c t  t h a t  the  logari thmic l i n k  is more 

n a t u r a l  s t a t i s t i c a l l y  should not  mean t h a t  its choice does not 

requ i re  some i n v e s t i g a t i o n .  

It has been pointed out  elsewhere  i it kin and Clayton, 1980) 

t h a t  such a  model f o r  incidence r a t e s  may be f i t t e d  using t h e  GLIM 

program ( ~ a k e r  and Nelder, 1978). The program may be t r i c k e d  i n t o  

cons t ruc t ing  t h e  c o r r e c t  l ike l ihood  by declarring t h e  binary 
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variable  idi) a s  t h e  YVAR (with POISSON e r r o r s ) ,  t h e  l i n k  a s  MG, 

and by using t h e  q u a n t i t i e s  l o g  (tli - toi) a s  OFFSET. However, 

since most epidemiological prospect ive s t u d i e s  involve thousands 

r a t h e r  than hundreds of ind iv idua ls  and s ince  GLIM holds  a  d a t a  

matrix of  only l imi ted  s i z e ,  t h i s  s o l u t i o n  is  usua l ly  not f e a s i b l e .  

I f  the  r i s k  f a c t o r s  a r e  ca tegor ica l ,  t h i s  d i f f i c u l t y  may be 

circumvented by first forming a  d a t a  summary c o n s i s t i n g  of a  

multi-way t a b l e  containing i n  each c e l l  (a) t h e  number of  new 

cases observed and (b) t h e  t o t a l  'person-time' observat ion f o r  t h e  

s p e c i f i e d  combination of ca tegor ies  of  r i s k  f a c t o r s .  The d a t a  i n  

t h i s  t a b l e  may then  be en te red  i n t o  GLIM, with each c e l l  rep- 

r e s e n t i n g  one UNIT. The c e l l  subscr ip t s  represen t  FACTORS i n  t h e  

ana lys i s ,  and t h e  two c e l l  e n t r i e s  a r e  t r e a t e d  e x a c t l y  a s  described 

i n  t h e  previous paragraph f o r  t h e  ungrouped da ta .  

Even f o r  r i s k  f a c t o r s ,  which a r e  continuous measurements, a  

p e r f e c t l y  s a t i s f a c t o r y  approximate s o l u t i o n  may be obtained by 

binning t h e  d a t a  i n t o  s t r a t a  with r e s p e c t  t o  t h e  f a c t o r  value, and 

ass ign ing  some c e n t r a l  value (such a s  the  within-stratum mean) t o  

each stratum. 

An example of these  grouping methods is i l l u s t r a t e d  below. 

Table I shows some da ta  taken from a s tudy described by Morris e t  

TABLE I 

C a l o r i e  I n t a k e  Bus Bus Bank A l l  t h ree  
d r i v e r s  conductors workers occupations 

Range ( ~ e a n )  



TABLE I1 

Model Deviance 
IIF (chi-squared) Change 

Overall mean only 14  21.342 

+ Occupation 12 19.3% 1.956 

+ Calorie intake 8 5.771 13.615 

TABLE 111 

Effec t  
Factor 
Level Additive Mult ipl icat ive 

( ~ o g  scale) S.E. % 

Calorie Intake 

-2249 0.0 (By def in i t ion)  100 

229-2499 0.1118 O . 5 l O l  112 

290-2749 -0.4288 0.4996 65 

279-2999 4.5916 0.5182 55 
9 0 0  - -1.469 0.5580 23 

Occupation 

Bus d r ive r s  0.0 (BY def in i t ion)  100 

Bus conductors 0.3384. 0.3888 140 - 
Bank s t a f f  -0.1131 0 ,3611 89 

TABLE I V  

F i rs t - s tep  Maximum likelihood 

Estimate of 0 Estimate of 0 

~ r i v e r s / ~ o n d u c t o r s  0.678 0.667 
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a1 elsewhere  orris e t  a l . ,  1979). The da ta  r e l a t e s  d ie tary  

measurements (one week weighed survey) i n  three d i f f e r en t  occup- 

a t i ona l  groups, t o  subsequent incidence of coronary disease. The 

tab le  shows the number of mw cases of disease observed, together 

1 with ( i n  parentheses) the man-months of observation, according t o  

occupat'ion and t o  t o t a l  da i ly  ca lor ie  intake.  Tables 2 and 3 show 

the r e s u l t s  of log-l inear model-fitting, concentrating upon the 

e f f ec t  of t o t a l  calorie intake,  expressed a s  a 5-level categorical  

variable.  Table I1 shows the l ikel ihood-rat io chi-squared 

analysis,and Table I11 shows the f i t t e d  e f f ec t s  i n  the 'main 

e f f ec t s '  model. 

There is a strong gradient of decreasing r i s k  with increasing 

ca lor ie  intake,  but more modest e f fec ts  of occupation. Indeed, 

the  occupation e f f ec t s  a re  not s t a t i s t i c a l l y  s igni f icant ,  but a r e  

re ta ined  i n  the model because of the  a p r i o r i  importance of t h i s  

f a c t o r  i n  the  design of the inves t iga t ion .  

I f  the ca lor ie  intake e f f ec t  i s  modelled by log-l inear 

regression on the stratum means of ca lor ie  intake (2145 up t o  

3369), r a the r  than t r e a t i n g  the variable a s  a ca tegor ica l  variable,  

the  f i n a l  chi-squaxed t e s t  of f i t  of the model becomes 7.023 on 

11 degrees of freedom. Thus the change i n  chi-squared f o r  i n -  

clusion of ca lor ie  intake i s  12.363 r a the r  than 13.615, but on 

only 1 ra the r  than 4 degrees of freedom. The estimated regression 

coeff ic ient  i s  -0.OOl3lO which compares very closely with the 

value of -0.OOl3O9 obtained by repeating the same GLIM analys is  

upon the ungrouped data.  

4.  COMPUTING PROBLtFMS 

Two p rac t i ca l  d i f f i c u l t i e s  are encountered with the methods 

described above. The f i r s t  a r i s e s  out of the now ra the r  surp- 

r i s i n g  lack of generally available survey analys is  programs which 

w i l l  form the multiway-tables required i n  d i r ec t ly  machine-read- 

able form. A notable exception i s  the Rothamsted General Survey 

Program (RGsP), which has in ter faces  t o  both GLIM and GENSTAT 

( ~ e a s l e y  e t  a l . ,  1980) . 
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The second d i f f i c u l t y  a r i s e s  ou t  of the  f a c t  t h a t ,  although 

h igh ly  convenient and almost un iversa l ly  ava i lab le ,  GLIM is  not  

p a r t i c u l a r l y  e f f i c i e n t  f o r  l a r g e r  problems. For  c a t e g o r i c a l  r i s k  

f a c t o r s ,  and providing t h e  m u l t i p l i c a t i v e  model ( ~ o ~ a r i t h m i c  l ink)  

only is required,  a  much more e f f i c i e n t  algorithm i s  provided by 

t h e  ' i t e r a t i v e  s c a l i n g  procedwx' .  S l i g h t  modif icat ion of t h e  

c l a s s i c a l  a lgori thm i s  requi red  t o  ensure t h a t  t h e  f i t t e d  va lues  

a r e  c o r r e c t l y  o f f s e t  with t h e  person-time observat ion (an A .N.S.I. 

F o r t r a n  algori thm i s  a v a i l a b l e  from t h e  author) .  

5. RELATIONSHIP TO THE 'MULTIPLE LOGISTIC ' METHOD 

Those f a m i l i a r  with the  epidemiological l i t e r a t u r e  w i l l  have 

recognised t h a t  t h e  method proposed above i s  d i f f e r e n t  from t h a t  

usua l ly  employed i n  t h e  a n a l y s i s  of  prospect ive s tud ies ,  t h e  

'mult iple  l o g i s t i c '  method, although i t  resembles it i n  many ways. 

The mult iple  l o g i s t i c  f i ts  t h e  model 

where n i s  t h e  p r o b a b i l i t y  of a n  ind iv idua l  s u f f e r i n g  disease on- 

s e t  during the  per iod  of observation. This  model first obtained 

wide recogni t ion  i n  epidemiological research with t h e  work of 

T r u e t t  e t  a 1  (1967), who f i t t e d  t h e  model using t h e  assumption of 

mul t ivar ia te  normality of t h e  r i s k  f a c t o r  v a r i a b l e s  within disease 

groups ( t h i s  is equivalent  t o  c l a s s i c a l  d i sc r imi ran t  ana lys i s ) .  

La te r  workers, fol lowing Walker and Duncan (1967), dropped t h e  

mul t ivar ia te  normal assumption and f i t t e d  the  model d i r e c t l y  by 

maximum l i k e l i h o o d  (but a t  t h e  cos t  of  a n  i t e r a t i v e ,  r a t h e r  than  

single-pass so lu t ion) .  A f u l l  discussion of  t h e  model is given by 

Cox (1970). 

This  method has  s e v e r a l  se r ious  disadvantages, however. 

F i r s t l y ,  and perhaps most se r ious ly ,  it r e l i e s  upon each ind-  

i v i d u a l  being observed f o r  the  same period of time, s o  t h a t  the  
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p r o b a b i l i t i e s ,  n ,  a r e  comparable. This  i s  not achievable i n  r e a l  

s tud ies ,  (a) because recrui tment  t o  t h e  s tudy o f t e n  extends over 

years  s o  t h a t ,  a t  the  time of ana lys i s ,  some ind iv idua ls  have been 

observed f o r  longer  than o thers ;  (b) because of migrat ion from 

, the s tudy population, and (c) because of deaths from o ther  causes. 

I This problem can be circumvented t o  some ex ten t ,  but  only by dis- 

carding da ta .  

The second disadvantage i s  t h a t  t h e  l o g i s t i c  model does not  

allow t h e  a n a l y s i s  t o  extend t o  v a r i a b l e s  which change during t h e  

observation period.  Thus, although it is possible  t o  take account 

of a g e - a t e n t r y  t o  the  s tudy upon subsequent r i s k ,  it i s  not pos- 

s i b l e  t o  t ake  account of any ageing occurr ing during t h e  study. 

This  d i f f i c u l t y  is p a r t i c u l a r l y  s e r i o u s  f o r  s t u d i e s  of long- 

durat ion.  Its r e s o l u t i o n  with the  present  approach w i l l  be dis- 

cussed i n  a  l a t e r  sec t ion .  

These d i f f i c u l t i e s  a p a r t ,  the  models a r e  very similar. With 

t h e  assumption of no change i n  r i s k  with time, t h e  r e l a t i o n s h i p  

between the  incidence r a t e ,  A ,  and the  probabi l i ty  of  disease on- 

s e t  during t -+ tl, n, may e a s i l y  be shown, from (I),  t o  be 

n = 1 - exp 1-(tl  - tO).Al 

s o  t h a t  

Thus, t h e  a n a l y s i s  of  p r o b a b i l i t i e s  of  onset  using the  complemen- 

t a r y  log-log transformation is  equivalent  t o  ana lys ing  incidence 

r a t e s  using t h e  simple logari thmic l i n k .  It i s  wel l  known t h a t ,  

f o r  small  n, t h e  l o g i t  and complementary log-log transformai.ions 

a r e  near ly  i d e n t i c a l .  

Inc iden ta l ly ,  a  s i d e  e f f e c t  of  t h e  widespread use of t h e  

mult iple  l o g i s t i c  method has been t o  r e f e r  t o  t h e  p r o b a b i l i t y  of 

onset  1, q u i t e  incor rec t ly ,  as a n  incidence r a t e .  Thus, we have 

t h e  appearance of t h e  terms '5-year incidence r a t e '  and '10-year 
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incidence r a t e ' .  Such a confusion is  t o  be deplored, and i s  a : by i t e r a t i v e  refinemerits of t h e  weights 

recen t  phenomenon. W i l l i a m  Farr, f o r  example, i n  h i s  wr i t ings  a 

century ago drew a c l e a r  d i s t i n c t i o n  between t h e  two measures. 

The same po in t  was made by Elandt-Johnson (1975) i n  t h e  American 

Journa l  of Epidemiology, and provoked some controversy i n  l a t e r  

i s s u e s  of t h a t  Journa l .  

Before moving on t o  more d i f f i c u l t  matters ,  it is worth 

no t ing  t h a t ,  a r i s i n g  out of t h e  genera l  theory described i n  

e a r l i e r  sec t ions ,  t h e r e  a r e  some methods r e q u i r i n g  only very 

simple c a l c u l a t i o n s .  

The first of these  i s  f o r  t h e  a n a l y s i s  of t h e  k x 2 summary 

t a b l e  of cases  and person-time observation, where t h e  prime i n t e r -  

e s t  i s  i n  t h e  2- level  r i s k  f a c t o r .  Obviously, the  k - leve l  f a c t o r  

is included s o  t h a t  its e f f e c t  may be discounted i n  t h e  ana lys i s ,  

and it might be generated by c ross ing  s e v e r a l  'nuisance '  f a c t o r s .  

Le t  A.  .(i = 1 . . k ;  j = 1, 2) be t h e  incidence r a t e s  
1 J 

corresponding t o  each c e l l  of the  t a b l e ,  and l e t  dij, Tij rep-  

r e s e n t  the  corresponding observed number of new cases  and person- 

time observat ion.  The 'main-effects '  m u l t i p l i c a t i v e  model may be 

w r i t t e n  

Ail = 8.Ai2 f o r  a l l  i, 

o r  8 = Ai1/Ai2 f o r  a l l  i. 

Thus, 8 r e p r e s e n t s  the  r e l a t i v e  incidence r a t e  between columns 

wi th in  rows of t h e  t a b l e .  It is e a s i l y  shown t h a t  the  maximum 

l i k e l i h o o d  est imate of 8 may be obtained by so lv ing  

Wi = 1/(8.Til + T ~ ~ ) ,  s t a r t i n g  from 8 = 1. 

The first s t e p  of t h i s  i t e r a t i o n  i t s e l f  provides a f u l l y  con- 

s i s t e n t  est imate,  although it is only f u l l y  e f f i c i e n t  i n  t h e  

neighbourhood of 8 = 1. This  f i r s t - s t e p  es t imator  i s  c l o s e l y  

r e l a t e d  t o  t h e  Mantel-Haenszel es t imator  of t h e  common odds-rat io  

i n  t h e  2 x 2 x k t a b l e ,  and t h e  f a c t  t h a t  t h e  r i r s t  s tage of t h e  

procedure l e a d s  t o  q u i t e  a good es t imate  means t h a t  convergence 

is very rap id ;  a s i n g l e  refinement s t a g e  is a l l  t h a t  w i l l  be r e -  

quired, except when 8 is very far from 1. 

The s tandard  e r r o r  of l o g  8 i s  given by t h e  expression 

where Wi a r e  t h e  final weights. O f  course, i f  t h e  first s t e p  

es t imate  is used, t h e  first value of t h i s  expression g ives  the  

n u l l  s . e ,  of t h e  l o g  of t h e  est imate,  s o  t h a t  a t e s t  of Ho:8 = 1 

may be constructed.  An a l t e r n a t i v e  t e s t  w i l l  be discussed i m -  

mediately below. 

This  case seems t o  be the  only one i n  which r e l a t i v e l y  simple, 

ye t  e f f i c i e n t ,  e s t imates  of at l e a s t  some of t h e  parameters of the  

general  m u l t i p l i c a t i v e  model, (3.) may be obtained. However, some 

simple methods remain, based upon t e s t s  of hypotheses. I n  epid-  

emiology, t h e  a n a l y s i s  of prospect ive s t u d i e s  o f t e n  involves t h e  

examination of a l a r g e  number of p o t e n t i a l  r i s k  f a c t o r s  ' i n  search 

of hypotheses' .  Typical ly,  t h e r e  w i l l  be one o r  +,no known f a c t o r s  

r e l a t e d  t o  both r i s k  of disease,  and t o  the  l e v e l  of t h e  new 

f a c t o r ( s )  t o  be screened. It i s  not  des i rab le  t o  embark upon a 

f u l l  model-f i t t ing exerc i se  (involving, a s  it does, some consider-  

ab le  computation) f o r  each such f a c t o r .  Although, of course, 

nominal s ign i f icance  l e v e l s  must be t r e a t e d  with considerable  

caution, hypothesis  t e s t s  can be most usefu l ,  p a r t i c u l a r l y  t e s t s  

based upon ' score  s t a t i s t i c s '  (COX and Hinkley, 1974). 
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We s h a l l  consider, f i r s t ,  the score t e s t  f o r  column e f f e c t s  

i n  the k x m tab le  of incidence r a t e s  ( the  equivalent t e s t  f o r  row 

e f f e c t s  is obvious). This t e s t  involves calculat ing the vector, 2, 

of discrepancies between the observed number of cases of disease 

i n  each column and the  number 'expected' on the bas is  of the  

d i s t r i bu t ion  of the  row variable;  i . e .  

The score t e s t  is a chi-squared t e s t  on (m-1) degrees of freedom, 

and is  given by the quadrat ic  form 

where 0 indica tes  a generalised inverse,  and R is the  matrix 

(6J?c is the Kronecker de l t a ) .  This t e s t  is, however, r a the r  

cumbersome t o  calculate and an extremely close approximation is 
2 provided by the Pearsonian (0-E) /E formula; 

x2 ~ { ( r ~ ) ~ / Z ( d ~ .  T ~ ~ / T ~ .  ) , a conservative approximation. 
j i 

This t e s t  could be used on the da ta  of Table 1 t o  t e s t  

whether there is a difference between the  ca lor ie  intake groups, 

over and above any occupational differences.  I n  t h i s  example the 

t rue  score t e s t  and the approximate Pearsonian t e s t  agree closely,  

yielding chi -squared values of 13.647 and 13.558 respectively,  and 

a l so  agree closely with the l ikel ihood r a t i o  chi-squared value of 

13.615 ( tab le  11) . 
However, these t e s t s  a r e  not i dea l  f o r  examining the e f f e c t  

of ca lor ie  intake,  s ince they are  on 4 degrees of freedom and 

ignore the f a c t  t h a t  the  ca lor ie  breakdown r e f l e c t s  an underlying 

continuum. They could not, therefore,  be expected t o  be sens i t ive  

: 
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against an a l te rna t ive  hypothesis of a  steady t rend i n  r i s k  with 

increasing t o t a l  ca lor ie  intake.  The remainder of t h i s  sect ion is 

concerned with some more sens i t ive  methods f o r  detect ing re la t ion-  

ships between incidence r a t e s  and r i s k  f ac to r s  measured on a 

continuous in t e rva l  sca le .  

When the continuous fac tor ,  x, is  the only one under consider- 

at ion,  the log-linear model (5(a)) becomes 

log  A = , + B.& 

Although the maximum likelihood estimate of P requi res  i t e r a t i v e  

computation, the score t e s t  f o r  @ = 0 is remarkably simple and 

deserves t o  be more widely known i n  epidemiology. If Xi is the 

value of the  f ac to r  f o r  the i - t h  individual ,  d. indica tes  whether 

or  not (with values of 1 and 0 respectively)  onset of disease was 

observed i n  t h a t  individual, and T. represents  the time f o r  which 

he o r  she was observed, then it may eas i l y  be shown t h a t  con- 

s idera t ions  leading t o  the log  l ikel ihood of the form of (2) and 

(3) lead  t o  the score s t a t i s t i c  

the 'expecte8 value which is the mean of a l l  measurements using 

the observation times, Ti, a s  wei&ts. The sampling variance of 

t h i s  s t a t i s t i c  is simply 

where 

the  mean square of X ,  using observation times a s  wei&ts. Thus, 

from ( 9 )  and (10) a simple asymptotic standard normal deviate t e s t  

may eas i l y  be constructed. 
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This  method is convenient,  simple and can provide convincing 
(b) increase  of r i s k  with increase  i n  dura t ion  of t h e  l eng th  

evidence of an e f f e c t  of a continuous f a c t o r .  It may a l s o  be of time exposed t o  causa l  agents ,  and 
r e a d i l y  adapted t o  examine a n  a s s o c i a t i o n  within s t r a t a  of t h e  (c) dependency of r i s k  upon t h e  dura t ion  of time i n  t h e  
s tudy  populat ion.  Such a n  a n a l y s i s  can i n d i c a t e ,  f i r s t l y ,  whether s tudy.  

t h e  s t r a t i f y i n g  v a r i a b l e ,  by confounding, has  spur ious ly  exag- (d) Secular  e f f e c t s  opera t ing  a t  the  time of disease onse t ;  

ge ra ted  t h e  e f f e c t  of t h e  f a c t o r  considered and, secondly, whether i . e .  dependency of r i s k  upon chronological  time. 
t h e  e f f e c t  is  cons i s ten t  throughout t h e  data. Using t h e  super-  Most of t h e  l i t e r a t u r e  concerning s u r v i v a l  d a t a  i s  concerned 
s c r i p t  ( j )  t o  i n d i c a t e  s t r a t a ,  t h e  procedure is t o  compare t h e  with determining e f f e c t  of var ious f a c t o r s  upon prognosis.  
observed s tratum means f o r  ' cases ' , x?), with t h e i r  *expected1 Usually, i n  such s tud ies ,  p a t i e n t s  a r e  admitted t o  t h e  s tudy on 
va lues  . The o v e r a l l  t e s t  f o r  t h e  e f f e c t  of X ,  a f t e r  ad- diagnosis  of t h e  disease.  Thus, it i s  s u r v i v a l  time, measured from 
justment f o r  t h e  s t r a t i f y i n g  v a r i a b l e  is given by comparing t h e  t h e  start of study, which i s  of prime i n t e r e s t .  The v a r i a t i o n  of 
o v e r a l l  mean i n  cases, r i s k  throughout t h e  study is  dominated by t h e  progression of t h e  

disease,  so  t h a t  t h e  r e l a t i o n s h i p  of r i s k  t o  .time under s tudy i s  

of most importance. I n  prospect ive s t u d i e s  of previously hea l thy  
with ind iv idua ls  t h i s  i s  no longer  t h e  case and, a p r i o r i ,  it i s  more 

-K = = d , ( j )  
Xo n a t u r a l  t o  expect  the  f i r s t  two reasons f o r  time dependency of 

j j r i s k  t o  be dominant. I n  general ,  however, these  v a r i a b l e s  must be 

which is  t h e  'expected' value which t a k e s  account of the  r e l a t i o n -  

s h i p  between d i sease  incidence and t h e  s t r a t i f y i n g  var iab le .  
-* 

The sampling vaciance of t h e  d i f fe rence  (T - x0) is  

This  method is  simple, convincing and computationally t r a c t a b l e .  

An example of i t s  use is  discussed a t  t h e  end of t h e  next sec t ion .  

7. TIME IXPENIENCE OF RISKS 

expected t o  be heav i ly  confounded so  t h a t  it might be d i f f i c u l t  t o  

disentangle t h e i r  e f f e c t s .  Only i n  c e r t a i n  cases  w i l l  dura t ion  of 

exposure t o  a causal. agent be known, s o  t h a t  t h e  f i r s t  choice of 

time s c a l e  w i l l  be e, although it may be a sur roga te  f o r  some 

o ther  s c a l e .  

The mul t ip le  l o g i s t i c  analyses descriked e a r l i e r  cannot allow 

f o r  such dependencies. For  example, age a t  e n t r y  i n t o  a s tudy may 

be incorporated i n t o  t h e  model a s  a r i s k  f a c t o r ,  but any e f f e c t  of 

ageing during t h e  study i s  ignored. The present  approach is, how- 

ever ,  e a s i l y  adapted. The cont r ibu t ion  t o  the  log-l ikel ihood of 

a n  i n d i v i d u a l  observed from t u n t i l  t and sub jec t  t o  incidence 

SO f a r ,  t h e  d i scuss ion  h a s  been concerned s o l e l y  with problems r a t e s  A ( t )  and corresponding surv ivor  funct ion,  ~ ( t )  may e a s i l y  be 

i n  which it is  t o  be assumed t h a t  incidence r a t e s  do not vary  with- shown t o  be 

i n  t h e  s tudy  per iod .  T h i s  w i l l  u s u a l l y  only be a l e g i t i m a t e  a s -  
d l o g  h(tl) - n( to , t l>  sumptlon f o r  s t u d i e s  with a very s h o r t  dura t ion  of follow-up. I n  

general ,  r i s k  of onset of disease w i l l  vary during t h e  observat ion where 

period f o r  s e v e r a l  reasons,  notably 

(a)  increase  of r i s k  with increas ing  of  t h e  sub jec t ,  
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and, a s  before, d  i n d i c a t e s  whether o r  not onset  of t h e  d i sease  was s e t  of ' index' r a t e s .  I n  t h e  absence of such a  s u i t a b l e  s e t  of 

observed. I n  its simplest  form, t h e  log-l inear  model would spec i fy  r a t e s ,  it is necessary t o  adopt one of t h e  remaining three 

t h a t  t h e  incidence r a t e s  f o r  ind iv idua ls  with r i s k  f a c t o r  vec tor  5 
a s  being 

7.2 ASSUME A PARAMETR~C FAMILY FOR h0(t)  

l o g  h( t /z)  = l o g  h0(t)  + g ' . x  - (Cox, 1972) 

If A0(t) is  not known ( a s  is usua l ly  t h e  case) ,  it might be 
I n  t h i s  form t h e  model s p e c i f i e s  t h a t  t h e  e f f e c t  of t h e  f a c t o r s  is  

t h a t ,  a t  l e a s t ,  we may assume it t o  be a  member of a  parametr ic  
not  time dependent, but it is p e r f e c t l y  s t raightforward t o  i n -  

family of funct ions,  A0(t;y) say. Ai tk in  and Clayton (op. tit.) 
corporate  ' i n t e r a c t i o n '  terms t o  allow the  f a c t o r  e f f e c t s  t o  vary 

have shown how c e r t a i n  f a m i l i e s  might be f i t t e d  using GLIM. 
with time. 

E s s e n t i a l l y  t h e  approach is  t o  use t h e  method described above f o r  
There a r e  f o u r  poss ib le  approaches t o  the  problem of what t o  

est imation of t h e  regress ion  equat ion condi t iona l  upon the  cur ren t  
do about A0(t).  We s h a l l  consider them, b r i e f l y ,  one by one. 

est imate of 1, t h e n  t o  update t h e  est imate of y, t o  re-estimate 

t h e  regress ion  equat ion and s o  on. There a r e  two d i f f i c u l t i e s  
7 .1  KNOWN Ao(t) 

with t h i s  approach. F i r s t l y ,  t h e  choice of parametr ic  func t ion  

may be d i f f i c u l t .  Where t represen ts  e i t h e r  dura t ion  of exposure 

T h i s  provides t h e  most simple ana lys i s .  Aitkin and Clayton t o  some f a c t o r  o r  age (which may or  may not be a  surrogate  f o r  

(op. c i t  .) show t h a t  t h e  a n a l y s i s  of t h i s  problem i n  GLIM i s  dura t ion  of exposure t o ,  a s  ye t ,  unknown f a c t o r s ) ,  t h e r e  i s  
straightforward;  a s  before, t h e  i n d i c a t o r  var iab le ,  d, i s  de- empir ical  evidence t o  suggest t h a t  a  power-law r e l a t i o n s h i p  of t h e  

c l a r e d  a s  t h e  YVAR with POISSON e r r o r s ,  but ,  now, l o g  h0(t0,  t;) 

must be used a s  OFFSET. Note t h a t  Ao(tO, tl) is t h e  'expected' 

value of d  i f  t h e  known r a t e s ,  A0(t) had appl ied  throughout t h e  A0(t) = yl ( t  - Y2) 3 
i n t e r v a l  : 

provides a n  appropriate  model i n  a  wide range of s e t t i n g s  (see,  
1 

~ ~ ( t ~ ~ t ~ )  = / A0(u)du f o r  example, Doll.  1972) . When, however, t r e p r e s e n t s  t h e  time 

elapsed s ince admission i n t o  a  prospect ive study, it i s  more d i f -  

Many r e a d e r s  w i l l  recognise t h a t  t h i s  ana lys i s  i s  e s s e n t i a l l y  t h e  f i c u l t  t o  suggest an appropriate  func t ion .  Two processes  may 

t r a d i t i o n a l  method of i n d i r e c t  s tandard isa t ion ,  i n s t e a d  of opera te .  Heterogeneity of r i s k  within a  s e l e c t e d  cohort w i l l  

analysing incidence r a t e s ,  one analyses t h e  r a t i o  of observed new y i e l d  an apparent f a l l  i n  incidence with time a s  t h e  high r i s k  
even ts  t o  those expected had A ( t )  appl ied.  Thus, i f  k0(t) is 0 groups succumb e a r l y  ( t h i s  model under l ies  t h e  Pare to  d i s t r i b u t i o n ,  

known, a l l  t h e  analyses described i n  e a r l i e r  s e c t i o n s  may be ap- a  common fai lure- t ime d i s t r i b u t i o n ) .  On t h e  o ther  hand, t h e r e  i s  

p l i e d  with t h i s  small  modif icat ion.  However, t h i s  argument a l s o  a  well known tendency i n  prospect ive s t u d i e s  f o r  a  s e l e c t i o n  b i a s  

shows t h a t  t h e  method of i n d i r e c t  s tandard isa t ipn  depends upon towards heal thy ind iv idua ls ,  s o  t h a t  i n i t i a l  incidence might be 

knowledge of  k0(t) ,  and only r a r e l y  i s  t h i s  t h e  case. I n  t r a d -  low. The combined e f f e c t s  of these  two processes  might produce a  

i t i o w l  epidernlological analyses, ho(t) is provided by a  s u i t a b l e  v a r i e t y  of shapes of curve. 
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A second d i f f i c u l t y  with t h i s  approach is, again, t h e  com- TABLE V 

pu ta t ion  involved with the  s c a l e  of da ta  general ly  encountered i n  
Bank staff Bus d r i v e r s  

prospective s t u d i e s .  Severa l  passes  through t h e  raw da ta  would 

be requ i red  f o r  each model t o  be f i t t e d .  

7.3 ASSUME A STEP-FUNCTION FOR ~ ( t )  

An a l t e r n a t i v e  approach is t o  s t r a t i f y  the  time ax is ,  and t o  

assume constant  incidence r a t e s  wi th in  time bands. For example, 

i f  t represen ts  age, a n  ind iv idua l  might be assumed t o  be sub jec t  

t o  incidence r a t e  .I1 between t h e  ages of 30 and 39, A2 between t h e  

ages of 4 4  and 49 and s o  on. The log- l inear  model might then  be 

writ ten,  f o r  the  i - t h  age band, 

l o g  hi = ai + , g ' . ~  

It may e a s i l y  be shown t h a t  t h e  l ike l ihood  f o r  t h i s  model is 

i d e n t i c a l  t o  t h a t  which would be obtained if  each ind iv idua l  

s tud ied  were t o  be t r e a t e d  a s  s e v e r a l  'pseudo ind iv idua ls '  - 
a r e  f o r  each age band wi th in  which he is observed. Thus, a n  

ind iv idua l  observed from age 35 u n t i l  he s u f f e r s  onset of d i sease  

a t  age 55 may be t r e a t e d  a s  i f  he were th ree  d i f f e r e n t  people: 

(a) one person of age 30-39, f i v e  years  observation, no onset  of  

d i sease ;  (b) one person of age 44-49, 10 years  observation, no 

onset of disease;  (c) one person of age 50-59, 5 years  ob- 

servat ion,  s u f f e r i n g  disease onset .  

With t h i s  device, the  methods described i n  e a r l i e r  s e c t i o n s  

f o r  t h e  constant  incidence r a t e  model may be used. I n  p a r t i c u l a r ,  

f o r  ca tegor ica l  f a c t o r s ,  t h e  da ta  may be summarised i n  multiway 

t a b l e s  p r i o r  t o  ana lys i s ;  t h e  time a x i s  becomes simply another 

dimension of t h e  t a b l e .  The formation of such t a b l e s  is f a i r l y  

s t raightforward but cannot usua l ly  be c a r r i e d  out  d i r e c t l y  by a 

survey a n a l y s i s  program, s ince  one ind iv idua l  is required t o  

contr ibute  t o  s e v e r a l  c e l l s  of t h e  t a b l e .  Where t h e  survey a n a l -  

y s i s  system al lows a  user-supplied input  rout ine,  t h e  problem is 

Age a t  No. Energy Age a t  No. Energy 
a t t a c k  of in take  (kcal)  a t t a c k  of in take  (kcal) 
of CHD cases Observed Expected of CHD cases Observed Expected 

40-49 4 2769 3015 4 0 4 9  2 2918 2853 

9 - 5 9  8 2514 2894 1 
60-69 7 2725 28116 

T o t a l  1 9  2645 2502 

Bus conductors 

Age a t  No. Energy 
a t t a c k  of in take  (kcal)  
of CHD cases Observed Expected 

T o t a l  1 4  2646 2834 

T o t a l  12  2651 2838 

A l l  occupations 

Age a t  No. Energy 
a t t a c k  of in take  (kcal)  
of CHD cases Observed Expected 

4 0 4 9  6 2819 2961 

53-59 17 2583 2867 

60-69 22 2649 2835 

T o t a l  45 2647 2864 

e a s i l y  solved by wr i t ing  a  rou t ine  which reads  t h e  d a t a  f o r  an 

ind iv idua l  and, on successive c a l l s ,  passes  t h e  d a t a  f o r  'pseudo 

ind iv idua ls '  t o  the  main program. If t h i s  f a c i l i t y  i s  not 

ava i lab le ,  then  a  preprocessor program must be w r i t t e n  t o  expand 

t h e  d a t a  t o  a  d i s c  f i l e  of 'pseudo ind iv idua ls ' .  

Table V is taken from Morris e t  a 1  (op. c i t . )  and shows one 

such a n a l y s i s  using t h e  observed and 'expected' mean method des- 

c r ibed  i n  s e c t i o n  6. The experience of t h e  th ree  occupational 

cohorts  i n  t h r e e  age bands is examined; a s s o c i a t i o n  between r i s k  

and t o t a l  c a l o r i e  in take  is remarkably cons i s ten t .  The 'expected' 

means i n  ' a l l  ages '  now t a k e s  account of d i f fe rences  i n  age s t r u c -  

t u r e  of the  d i f f e r e n t  occupations and, l ikewise,  those i n  t h e  

' a l l  occupations'  column s tandard ises  f o r  occupation. The o v e r a l l  

'expected' mean a d j u s t s  f o r  both age and occupation, and d i f f e r s  
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TABLE V I  

Calorie  In take  

h igh ly  s i g n i f i c a n t l y  from the  observed mean c a l o r i e  in take  i n  the 

coronary disease cases  ( s .  n. d. = 3.36, ~ < 0 . 0 0 1 ) .  

TableVI shows, f o r  a l l  occupations, observed number of  cases 

and ( i n  parentheses) the  person-weeks observation i n  the  c a l o r i e s  

x age c l a s s i f i c a t i o n .  Again, age r e f e r s  not t o  the  age at en t ry  

t o  the study, but  t h e  age a t  which exposure t o  r i s k  is observed. 

F i t t i n g  the  m u l t i p l i c a t i v e  model t o  t h i s  t a b l e  y ie lds ,  f o r  t h e  

age a d  justed mul t ip l ica t ive  e f f e c t s  of the  c a l o r i e  -intake groups ; 

10% (by d e f i n i t i o n ) ,  95.%, 66.774 52.6% and 22.6%. These mult i -  

p l i c a t i v e  e f f e c t s  may be thought of a s  age-standardised incidence 

r a t i o s ,  and Mantel and S ta rk  (1968) have r e f e r r e d  t o  t h e i r  

ca lcu la t ion  a s  ' i n t e r n a l '  i n d i r e c t  s tandard isa t ion  - i n d i r e c t  

s tandard isa t ion  without a n  e x t e r n a l  reference s e t  of r a t e s .  The 

numerical method given by these authors  i s  the  weighted form of 

the  i t e r a t i v e  s c a l i n g  procedure mentioned i n  s e c t i o n  4. 

The score t e s t ,  (8) ,  f o r  t h e  column e f f e c t  i n  t a b l e  6 y i e l d s  

a chi-squared of 11.991 on 4 degrees of freedom f o r  t h e  e f f e c t s  of 

c a l o r i e  intake a f t e r  allowing f o r  age e f f e c t s ,  and t h e  approximate 

form of t h e  t e s t  g ives  11.914. I n  t h i s  context,  t h i s  t e s t  i s  

c l o s e l y  r e l a t e d  t o  t h e  l o g  rank t e s t  of Peto and Pe to  (1972) . 
The device of ' d i s c r e t i s i n g '  the  time s c a l e  can be u s e f u l  

when f i t t i n g  smooth parametr ic  fami l ies  t o  A ( t )  t o  avoid some of 
0 

t h e  computational d i f f i c u l t i e s  mentioned i n  7.2. A l l  d isease 
experience within a d i s c r e t e  band is  t r e a t e d  a s  i f  it were ex- 

perienced a t  some c e n t r a l  time. This  method is approximate, but 

allows the  da ta  t o  be grouped before model f i t t i n g .  Gehan and 
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Siddiqui (1973) have discussed e s s e n t i a l l y  t h i s  method f o r  f i t t i n g  

the Weibull d i s t r i b u t i o n  (power law f o r  ~ ( t )  ) .  

7.4 ARBITRARY ~ , ( t )  

F ina l ly ,  i t  i s  possible ,  using t h e  method of Cox (1972) t o  

consider a r b i t r a r y  A0(t). The l ike l ihood  i s  based upon construc- 

t i o n ,  f o r  each ' t '  a t  which a case of disease occurs, the s e t  of 

ind iv idua ls  a t  r i s k .  Thus, when ' t '  represen ts  age, t h e  r i s k  s e t  

i s  made up of a l l  those ind iv idua ls  under observat ion a t  t h e  age 

a t  which a case of disease occurred. Clearly,  the  computational 

problems of t h i s  procedure a r e  considerable with t h e  s c a l e  of da ta  

commonly encountered i n  prospective s t u d i e s .  However, l i t t l e  

e f f ic iency  is l o s t  by the  replacement of each r i s k  s e t  by a much 

smaller  one made up of the  index case and severa l  ' c o n t r o l s ' ,  

randomly sampled from the  disease-free members of t h e  r i s k  s e t .  

Mantel has  described t h i s  method a s  a ' s y n t h e t i c  re t rospec t ive  

s tudy'   a ant el, 1973). The procedure seems t o  have l i t t l e  t o  r e -  

commend it except f o r  s t u d i e s  which involve very laborious coding 

of records;  such coding may then  be r e s t r i c t e d  t o  t h e  cases  and 

r e l a t i v e l y  few cont ro l s  (see,  f o r  example, Morris e t  a 1  1973) . 

8. MULTIPLE TIME AXES 

The methods of s e c t i o n  7 apply regard less  of which time a x i s  

i s  t o  be considered. Often, however, more than  one time var iab le  

w i l l  need t o  be considered simultaneously. Ultimately, it may be 

des i rab le  t o  attempt t o  disentangle,  say, age, time s ince e n t r y  

i n t o  t h e  study, and dura t ion  of exposure t o  pathogen. The methods 

described above may r e a d i l y  be adapted t o  such a n  ana lys i s ,  though 

methods 7 . 1  and 7.2 w i l l  probably not be prac t icab le .  Method 7 .4  

reduces simply t o  t h e  choice of con t ro l s  'matched' with respec t  t o  

a l l  th ree  time var iab les .  Method 7.3 simply r e q u i r e s  f u r t h e r  pro- 

l i f e r a t i o n  of 'pseudo i n d i v i d u a l s ' .  Each ind iv idua l  may contr ibute  

t o  any c e l l  i n  the  three-way g r i d  formed by s t r a t i f y i n g  the  time 
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var iables ;  if he su f fe r s  d isease  onset ,  t h i s  i s  ascr ibed t o  the  

c e l l  i n  which i t  occurred, and t h i s  t o t a l  observation time i s  

pa r t i t i oned  between a l l  the  c e l l s  i n  the  gr id .  

The algori thm f o r  p a r t i t i o n i n g  the  observation time i s  simple 

and r equ i r e s  only rou t ines  f o r  choosing the  e a r l i e s t  and l a t e s t  of 

a s e t  of da tes  and f o r  ca l cu la t ing  t h e  elapsed time between two 

dates .  For example, if we wish t o  determine the  observation time 

of one ind iv idua l  (a) during t h e  age range 40-49, (b) wi th in  2-4 

years  of en t ry  t o  the  study and (c) with 5-10 years of first 

exposure t o  some r i s k  f ac to r ,  then the  procedure i s  a s  follows.  

i. Choose t h e  LATEST of the  th ree  dates:  

Date of b i r t h  + 40 years,  \ 

Date of en t ry  i n t o  study + two years,  and 

Date of first exposure + f i v e  years.  

ii. Choose the  EARLIEST of the  four  datesr  

Date of b i r t h  + 50 years  

Date of en t ry  i n t o  study + fou r  years,  

Date of first exposure + 10 years,  and 

Date of e x i t  from study. 

iii. If ( i i )  precedes ( i )  , then  t h e  indiv idual  

makes no cont r ibut ion  t o  t h i s  c e l l .  

Otherwise, t h e  observation time contributed 

i s  t h e  time i n t e r v a l  from date ( i )  u n t i l  

date (ii). 

Analysis of t h e  r e s u l t a n t  multiway t a b l e s  may procede a s  des- 

c r ibed i n  the  remainder of t h i s  paper. It  is  i n t e r e s t i n g  a t  t h i s  

s tage  t o  mention ' b i r t h  cohort e f f e c t s ' ,  i . e .  e f f e c t s  a t t r i b u t a b l e  

t o  the  chronological  date of b i r t h  of an indiv idual .  This time 

var iable  i s  not a time a x i s  i n  the  sense considered here,  s ince  it 
does not vary wi th in  indiv iduals ,  but ,  b i r t h  cohort e f f e c t s  may be 

manifested a s  a p a r t i c u l a r  form of i n t e r a c t i o n  between age and 

chronological  time. 

9.  MULTIVARIATE PROBUZMS 

A casual  reader  might be forgiven f o r  th inking t h a t  mult i-  

va r i a t e  problems had a l ready been discussed! E a r l i e r  s ec t ions  
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discussed analyses involving mult iple r i s k  f a c t o r s ,  and s e c t i o n  8 

discussed analyses involving 'mul t ivar ia te  t ime' ,  but i n  a l l  these 

problems only a s ing le  disease process is  involved and it is  

modelled by a s i n g l e  s t o c h a s t i c  process.  Thus, t h e  theory is es-  

s e n t i a l l y  t h a t  of a un iva r i a t e  problem. However, ae t io log ica l  

s tud ie s  present  problems i n  which more than one disease process i s  

involved. These problems have rece ived l i t t l e  a t t en t ion ,  and 

present  some considerable d i f f i c u l t i e s ,  and, although it would not 

be appropriate t o  deal  with them i n  d e t a i l  here,  they should be 

pointed out .  

The first problem i s  t h a t  of ' family h i s t o r y ' ,  r e l a t i n g  the 

disease experience of an  indiv idual  t o  the  d isease  experience of 

h i s  parents,  h i s  s i b l i n g s  and o ther  r e l a t i v e s .  Adequate models of 

t h i s  problem must involve more than one s t o c h a s t i c  process, these  

being t o  some ex ten t  interdependent.  Elsewhere, I have suggested 

a c l a s s  of models which seem t o  have h ighly  des i rable  charac ter -  

i s t i c s  (clayton,  1978). This paper a l s o  d iscusses  some methods of  

inference  from prospective s tud ie s .  Unfortunately, Oakes (1981) 

has pointed out  t h a t  t he  method of es t imat ion  proposed ove r s t a t e s  

t h e  prec is ion  of t h e  key parameter es t imate .  

The second important problem involves mult iple disease 

processes wi th in  the  same individual .  This  is usua l ly  r e f e r r e d  t o  

a s  t h e  problem of  'competing r i s k s '  and has been discussed i n  de- 

t a i l  by Prent ice  e t  a l  (1978). Here we have followed conventional 

epidemiological p rac t i ce  i n  concent ra t ing  upon incidence of one 

p a r t i c u l a r  d isease .  Death from (and usual ly  even incidence of) 

o the r  d iseases  preclude f u r t h e r  observation of t he  indiv idual  and 

has, therefore ,  been t r e a t e d  a s  simply a mechanism of censoring. 

This  is l eg i t ima te  only i f  t h e  d i f f e ren t  disease processes a r e  i n -  

dependent of one another. Unfortunately, the  nature of the  censor- 

i n g  i s  such t h a t  no information i s  ava i l ab le  f o r  t e s t i n g  the  t r u t h  

of t h i s  assumption. The only sens ib l e  way out of t h i s  impass 

would seem t o  be the  use of computer simulation t o  inves t iga t e  the  

importance of t h e  d i f f i c u l t y  i n  any p a r t i c u l a r  case.  The models 

mentioned above f o r  the  family h i s t o r y  problem (clayton,  1.978), 

would seem very su i t ab le  f o r  t h i s  purpose. 
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