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 By R. A. FISHER, M.A., Rothamsted Experiment Station.

 IT is well known that the Pearsonian test of goodness of fit depends
 upon the calculation of the quantity X2 so defined that if m is the
 number of observations expected in any cell, and m + x the number
 observed, then

 X2 = S( - ),
 m

 the summation being extended to all the cells.
 Pearson has shown (l) that when the deviations are distributed

 with the sole restriction that their sum shall be zero, the distribution of

 X2 is given by the Pearsonian curve of Type III,

 dfx ocXt-2 e-ix'dx,

 where n' is the number of cells.
 We are not here concerned to criticise the general adequacy of

 the X2 test, which is certainly valid if the number of observations in.
 each cell is large, but to emphasize the importance of the limitation
 italicized above. For the X2 test has been applied by Pearson and
 others to contingency tables, in which the sum of the deviations in
 any row or column is necessarily zero.
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 88 Miscellanea. [Jan.

 In these cases we shall show that Elderton's Tables of Goodness

 of Fit (2) meay still be applied, but that the value of n' with which
 the table should be entered is not now equal to the number of cells,
 but to on?e moroe than the nunuber of degrees of freedomn in the distri-
 butiont. Thus for a contingency table of r rows and c columns we
 should take i' = (c - 1) (r - 1) + 1 instead of it' = cr. This
 mlodification often makes a very great difference to the probability

 (P) that a given value of X2 should have been obtained by chance.
 The most general way of proving this result consists in regarding

 the values of x (above) as independent co-ordinates in generalised
 space; then owing to the linear relations by which the deviations

 are restricted, for example that the marginal totals of the popula-
 tion should be equal to those observed, all possible sets of observa-
 tions will lie relative to the centre of the distribution, specified by
 the assumed population, in a plane space, of the same number of
 dimensions as there are degrees of freedom. The frequency density

 at any point in this space is proportional to

 e i s (ff)

 wheni the sample is sufficiently great for the distribution of x to be
 regarded as nornial, and where (rl, (-2, . . . represent the standard
 deviations of x1, x2 .... To determine what values have to be
 assigned to the (r's when the x's are entirely independent, we must
 take account of the variation in the total number,

 S (in + x) = N.

 Since the different values of x are independent,

 CrN2 _ S (-2).

 The variation of x may be regarded as due to two independent
 causes, namely the variation of N, and the variation of the propor-
 tion, which falls into any one compartment; we have therefore the
 series of equations,

 plql N + pi2 ON2 (I)
 622 = p2q2 + 1) N2 J (N)

 and so on, where pi is the chance of any observation falling in the
 cell (1).

 Summing these, we find

 CN2 N S (pq) + cY2 S (p2),
 whence, since S (p) =1 and p p2 =pq,

 2 No
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 1922.] On the Interpretation of x2. 89

 Substituting in (I),

 2 (riqi + p,2) N p1N =ni*
 = (p2q2 + P22) N-p2N 2

 and so on.

 Whence

 8 ( 2 = S(- =X2,
 and the frequency densSity at any point in the generalTsed space is

 e ix.

 The surfaces of equal density are therefore the series of siluilar

 and coaxial ellipsoids, X = constant; and since X measures the
 linear dimensions of the corresponding ellipsoid, which by a holmio-
 geneous strain passes into a sphere, and since the plane space in

 * It is worth noting that the exact form of the distribution of N observations

 into a number of cells is given by the multinomial expansion,

 (km+lkmn2 .)N

 of which the coefficient of

 klXl kX2

 is the chance of the particular distribution,

 X19 X21 , .

 This may be regarded as a plane section of a distribution in which xl, x2,
 are independently distributed according to the Poisson series,

 e -m (1,iq2$]rn * * . .. ' l XI

 for in this case, N = S (x), will be distributed according to the series,

 e-51(1, N,.... ,N , ...)
 and the chance of a given distribution, subject to the restriction N = N
 will be

 N! e / mlX '(mX2

 N e XI!) e x2
 which, since S (mn) = N, reduces to

 XI! X:! . - - (N) (N * N!~~~

 the general term of the multinomial expansion.

 This general case, however, in which the values of x may be small integers,
 extends beyond the range in which xI may be considered a sufficient test of
 goodness of fit.
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 90 Miscellanea. [Jan.

 wlhich the observations lie passes through the point, X - 0, the
 total frequency in the range of dX must be proportional to

 xn-e X2 dX,

 where n' is one more than the number of the degrees of freedom.
 Ex. 1.-In the fourfold table,

 a b a + b

 c d1 c + (i

 a T C J b + +d a + b + c + d

 when the marginal totals are fixed, there remains only one degree
 of freedom. Consequently we must take n' equal to 2 and not to 4.
 We are thus led to perceive that X is distributed so that,

 2
 (if 2-e-x dx.

 2w

 This fact resolves a difficulty which has been felt with respect
 to the fourfold table. In 1915 Greenwood and Yule (3), using four-
 fold tables to test the effect of inoculation against typhoid and
 cholera, follow Pearson in applying Elderton's table with n' = 4.
 They notice, however, that if we calculate the proportion attackedI
 amiiongi the inoculated and among the uninoculated, thus

 a , _ c

 a+b' e +d'

 then the difference p'-p, colmpared to its probable error, should
 also give a test of independence; they find, in practice, that
 deviations which judged by the x2 test are not improbable, seem
 much less likely to occur when judged by the proportions attacked.
 While pointing out the difficulty, these authors judge it safer to
 apply the x2 test.

 When we recognise tllat we should take n' = 2, the difficulty
 disappears, for the standard error of p is

 V (a + c) (b + d)
 (a + b + c + d)2 (a + b)

 and that of p' is

 (a + c) (b + d)
 // (a +b +c+ d)2(c+ d)
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 1922.] On the Interpretation of x2, 91

 so that if
 bc - ad

 x = p - = (a+b) (c+d)
 then

 -2 (bc-ad)2 (a + b + c + d) _ 2
 x2 (a + b) (c + d) (a + c) (b + d) X

 and X, for n' = 2, is, as we have shown above, distributed over the
 positive half of a normal curve, with unit standard deviation.

 The two tests are, therefore, in reality identical when the test is
 rightly applied.

 Dr. Bowley (5, 1921) has avoided this inconsistency by dis-

 tinguishing the use of x2 in contingency tables from its use in testing
 goodness of fit. For the fourfold table he shows that if

 ad- bc

 a+b+c+d

 then also

 x2 2

 (X2

 and consequently, X being normally distributed, he uses the table
 of the probability integral. Thus three different tests of significant
 association in the fourfold table all lead to the same value of P,
 and this is what we should expect, since there is but one degree of
 freedom in the fourfold table, when the marginal totals are fixed.

 It should be pointed out that certain of Pearson's " Tables
 for Statisticians and Biometricians," namely, Tables XVII, XIX
 and XX, together with XXII (Abac to determine rp), are all
 calculated on the assumption that i' = 4 in fourfold tables, and
 consequently should not be used when, as is almost always the
 case, the marginal proportions are obtained from the data.*

 * I am indebted to Dr. Greenwood for pointing out to me that Pearson (6)
 has recognised that in some cases the value of n', with which Elderton's tables
 should be entered, ought to bo reduced when linear restrictions are placed upon
 ths observations. It would appear, however, that Pearson at that date drew a
 distinction between " linear relations imposed on the c?ll contents " and the
 restrictions which are introduced by our methods of reconstructing the hypo-
 thetical population from which the sample is regarded as drawn. Thus we find
 in Section 1 (p. 145) the introductory explanation, " Actually we find in the
 " sample M the number muvt... 4,, and the problem arises whether the system
 "represented by muv ... ., is so improbable that in the selected population M
 "the characteristics A, B, C . . . L, cannot be considered independent,
 "i.e. M is really not a random sample of the supposed population N. Clearly
 "the answer to this problem has already been given. We have to find the
 "value of x2 " (stated in full notation for 1 variates), " and apply the tables
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 Ex. 2.-A further verification is possible in the case of the table
 with two rows and s columns,

 fi f2...... fs N

 f f2 . . . . . . . . . . fs N

 "for 'goodness of fit.' Of course, in many cases the sampled population is
 "not known, and accordingly we can only put for " the marginal totals " the
 t; values given by the sample itself, and test from this substitution the degree
 "of divergence from independence."

 From this passage, and from the fact that throughout the paper no correc
 tion is sugaested of the methods previously employed, and embodied in the

 Tables for Statisticians published only the year before, it is clear that Pearson
 did not recognise that in all cases linear restrictions imposed upon the fre-
 quencies of the sampled population, by our methods of reconstructing that
 population, have exactlv the same effect upon the distributions of x2 as have
 restrictions placed upon the cell contents of the sample.

 That the true distribution of X2 for the fourfold table was not recognised
 at this date may be inferred also from the fact that the criterion for differential

 death-rates, obtained as an approximation by very indirect methods, and
 applied correctly in a subsequent paper (7), namely

 Q28 {aa' (_d')2 Q2_S f (a a,)d
 (d+d')( 1 - a+a)

 the summation being taken over all age groups, when a, a', d, d' on the numbers
 exposed to risk and the numbers dying, in the two districts, follows at once
 from the fourfold table:-

 District District Total.
 A. B.

 Surviving a -- d a' - d' a + a' --d -d'

 Dying d d' d +d'

 Exposed to risk a a, a + a'

 feor which

 %2 a a'}dd) 2 aa'~

 (d + d') (1-a + a')
 We thus obtain independent values of X from the several age groups, and

 since X for a fourfold table is normally distributed, the distribution of
 Qa-=S (X2)

 for it age groups must be exactly given by that of x2 in Elderton's tables,
 when n' = u + 1.
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 1922.] On the Interpretation of X2. 93

 Treating this as a contingency table,

 2 r = ( N N` (f'-N N'
 N4 N' N+N'

 the summation taken over all the columns.
 Simplifying, we obtain,

 X2=S {N( )-f _ }

 while the number of degrees of freedom is s - 1, so that we must
 enter Elderton's tables with n' = s.

 Now Pearson (4) has developed a special test to be applied when
 we wish to know if two independent distributions are likely to be
 random samples from the same population. He arrives at the

 value of X2 obtained above by reducing the table to a simple series
 of s cells; so that this special method is in reality exactly the same
 as the direct application of X2 to the table, save that we take n' equal
 to s, and not to 2 s. This latter discrepancy is not, however, dis-
 cussed in (4), or in the later paper (6), and the correct application

 of X2 to contingency tables of two or more variates has never been
 made clear.

 Sumnmary.

 The X2 test may be applied to contingency tables, provided we
 take not the number of cells but one more than the number of degrees
 offreedom for n'.

 So modified, the X2 test includes as special cases-
 (i) the comparison of ratios in the fourfold table;
 (ii) Pearson's method of comparison of distributed samples;
 (iii) Pearson and Tocher's criterion of differential death rates.

 The proof which we have given of the distribution of X2 is applic-
 able, not only to contingency tables, but to all cases in which the
 frequencies observed are connected with those expected by a number
 of linear relations, beyond their restriction to the same total fre-
 quency. In taking the goodness of fit of a frequency curve fitted by
 means of four moments, the number of degrees of freedom has been
 reduced by 4, and since the four moments are linear functions of the
 class frequencies, we should take. n' to be 4 less than the number
 of cells. In this case it should be noted that it is usual, and con-
 venient, to calculate the moments from a finer graduation than that
 which we use in testing goodness of fit, and in consequence the
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 restricted plane region in which the observations lie will not pass

 exactly through the point x = 0; the distribution of X, calculated
 from 4 less than the number of cells, will none the less be closely
 accurate even in these cases, and far more accurate than that
 obtained by putting n' equal to the number of cells.

 In all cases, therefore, of applying the x2 test, it is necessary to
 take account of the number of degrees of freedom of the observations
 in relation to the expected distribution, to which they are compared;
 in cases where all the restrictions are of a linear character the correct

 distribution of X may be found from Elderton's tables, or, if n' 2,
 from a table of the probability integral, while in the case of restric-
 tions of a non-linear character, Elderton's tables are no longer
 exactly applicable.:

 (1) K. Pearson (1900). On the criterion that a given system of deviations
 from the probable in the case of a correlated system of variables is such that
 it can be reasonably supposed to have arisen from random sampling. Phil.
 Maq., 1, 157.

 (2) K. Pearson (1914). Tables for Statisticians and Biomnetricians. Cam-
 bridge University Press.

 (3) G. U. Yule and M. Greenwood (1915). The statistics of anlityphoid
 and anticholera inoculations, and the interpretation of such statistics in
 general. Proc. Roy. Soc. of MIedicine, Section of Epidemiology and State
 Medicine, viii, 113.

 (4) K. Pearson (1911). On the probability that two independent distri-
 butions are really samples of the same population. Biometrika, viii, 250.

 (5) A. L. Bowley (1920). Elements of Statistics, p. 371. London: P. S.
 King & Sons.

 (6) K. Pearson (1915). On the theories of multiple and partial contin-
 gency. Bioinetrika, xi, 145.

 (7) K. Pearson and J. F. Tocher (1915). On criteria for the existence of
 differential death-rates. Biometrika, xi, 159.
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