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SUMMARY

Consider the problem of predicting the occurrence of an event, the onset of diabetes mellitus, say,
from a vector of continuous and discrete predictors. We propose a new algorithm for the construction
of a tree-structured predictor for the event of interest, which uses a new approach for dealing with
continuous predictors. The novelty is that the tree uses splits for continuous variables. This means that
at each node an individual goes to the right branch with a certain probability, function of a predictor.
The predictor as well as the particular shape of the function is chosen from the data by the proposed
algorithm. We evaluate its performance on several real data sets, in particular comparing it with a
standard tree-growing algorithm. We also present an analysis of a well-known data set, the Pima Indian
diabetes data set, to illustrate the application of the method in biostatistics. Copyright © 2002 John
Wiley & Sons, Ltd.
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1. INTRODUCTION

Methods for growing trees from data, also known as recursive partitioning, have become
popular in many areas of application [1-3]. Their increasingly important role in the health
sciences was recently reviewed in the insightful monograph by Zhang and Singer [4]. While
early work emphasized single discrete or categorical outcomes, an important conceptual step
towards broadening the scope of tree growing was to recognize that trees may be constructed
for more complex outcomes [5], for example, censored survival times [5—7], count [8], lon-
gitudinal [9] and correlated multivariate data [10—12]. As a consequence, tree growing can
now be seen as a family of techniques for adaptive data-driven prediction modelling, quite
distinct in form but similar in aim to various forms of non-linear regression, for example,
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MARS [13] and neural networks [14]. We refer again to reference [4] for a comprehensive
list of references to work on trees and other adaptive regression approaches in biostatistics.

The appeal of recursive partitioning is based on the considerable power with which a tree
structure summarizes complex information in simple terms, and on the highly intuitive con-
struction procedure. Suppose that the goal is to predict the probability p that an individual
experience a specific event, for example, onset of diabetes mellitus, from a vector of predic-
tors z. The tree building algorithm starts by selecting a component z; from z and a yes/no
question O concerning z;, then splits the data set according to whether the answer to Q is yes
or no. The selection is based on some measure of information about p, so that the chosen
split is the most informative one. The procedure is then repeated recursively, until a specified
stopping rule terminates the process. An alternative to stopping rules is pruning [1]: a very
large tree is constructed, a subsequence of this sub-tree is identified, and finally an element of
this sequence is selected, termed /homnest tree. Both approaches share the same aim: reducing
the overfit bias. Clearly, a recursive partitioning algorithm mimics a very common cognitive
strategy whereby one sequentially acquires information by asking a series of questions, each
question depending on the answer to the previous one, and each question locally maximizing
the expected information about the goal.

Tree-growing algorithms are often claimed to emulate regression approaches in their abil-
ity to handle both continuous and discrete variables. However, the treatment of continuous
variables remains somewhat unsatisfactory. First, the search of the optimal question for a con-
tinuous variable is reduced to the search of a cutpoint among all the observed values in the
vector. Since such a search is much more extensive than the search for splits on discrete vari-
ables, continuous variables have an unfair advantage and as a result they tend to appear too
often in the tree structure. Furthermore, repetitions of continuous variables in trees are a com-
mon occurrence. This may be due to an underlying relationship between a continuous variable
and the outcome, other than the discontinuous one implied by the hard split (for example, lin-
ear, quadratic etc.). In this case, the algorithm attempts to imitate the relationship by repeating
splits on the same variable. As a result, interpretation becomes more cumbersome, the effect of
other important predictors may be masked and the resulting predictive power is lessened. The
problem has been recognized by other authors. A substantial improvement, especially useful
in biostatistics, has been proposed by Zhang and Singer [4] and implemented in their program
RTREE: this consists in permitting the analyst to intervene in the automatic split-selection
process so as to avoid or group together multiple splits on continuous variables. Secondly,
as continuous variables often contain measurement errors, once the wrong decision is taken
at a split, the error propagates along the tree structure and cannot be corrected. Partial reme-
dies to this problem have been proposed; Quinlan [15] suggested probabilistic classification
of new cases with uncertain data, and Ciampi et al. [16] developed a tree-growing algorithm
to build a tree from data containing probabilistic imprecision, which however results in the
construction of a standard tree, with probabilistic assignments of cases with imprecise data.
Again, the flexibility of RTREE in tree construction may offer an important corrective in
some situations. The problem, however, continues to puzzle some investigators and, although
a universally convincing remedy is unlikely to be found, we believe that such questioning
may help develop other useful approaches to tree growing.

In this paper we propose one such approach, inspired by the problem of handling continuous
variables in tree growing: soft splits or, more precisely, probabilistic splits. The result is a
new algorithm for the construction of a predictive model for a binary variable, with both
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advantages and disadvantages as compared with standard trees. As we will see, it sacrifices
some, but not all, of the intuitive appeal of an ordinary tree while achieving, in some cases,
better predictions in terms of classification error, area under the ROC curve, deviance and
Brier’s score. Whether or not the unfair advantage of continuous variables is removed is hard
to assess. However there is empirical evidence that this problem might be attenuated.

The proposed algorithm is adapted from the paper by Jordan and Jacobs [17], and modifies
rather substantially the tree-growing algorithms. It can be seen as a compromise between
traditional trees and approaches based on hybrid artificial neural net models [14]. We develop
a modified RECPAM [10] algorithm and compare it to the standard tree algorithm CART on
six well-known medical data sets, which are freely available from the Internet.

2. TREE WITH SOFT NODES

The following formulation of the problem of tree growing is valid both for standard trees with
‘hard’ nodes (hard trees), and for our new class of trees, that is, trees with ‘soft’ nodes (soft
trees). Suppose we have a data matrix [Y|Z], where Y are observations of a binary outcome
variable y (taking values 0/1, non-occurrence/occurrence of a specified event), and Z of the
predictors z =(zy,25,z,) = (age, gender,..., systolic blood pressure), on a random sample of
subjects from a target population. The observation on the ith individual will be denoted (y;,Z;):
it is, obviously, the ith row of the data matrix. We will also define p(z)=Pr[y=1|z]=E[y|z].
Assuming that p(z) can be adequately modelled by a tree structure, the problem is to estimate
this structure from the data so that, given z, we can predict the probability of event occurrence.

A hard tree structure for p(z) can be represented by a hierarchy of binary (1/0 or yes/no)
questions concerning one predictor at a time. The questions are arranged in a diagram as the
one shown in Figure 1. An individual with predictor vector z is assigned to a chain of nodes
(circles in the diagram), and, eventually, to one and only one leaf (the leaves are represented
by the square boxes in the diagram), according to the answers provided to the questions.
As a result, the predictor space is partitioned into subsets, represented by the leaves, such
that the probability of outcome occurrence is homogeneous within each subgroup and can be
represented by a leaf parameter, py.

In other words, an individual progresses from the root node (top circle) to his (unique)
leaf, through a series of ‘hard’ decisions, of the type: ‘go right’ or ‘go left’. Each decision is
strictly determined by the answer to a question of the type ‘is z; in A?” for a nominal predictor
zx, where A4 is a set of possible values or ‘is z;>a?’ for ordered predictors z;, where a is a
possible value.

A soft tree structure can be represented by a diagram very similar to that of Figure 1.
The crucial difference is that, for ordinal variables, instead of making a ‘hard’ decision, of
the type ‘go left if z>a and go right otherwise’, we make a ‘soft’ decision: ‘go left with
a certain probability; go right with the complementary probability’. It seems reasonable to
require that the probability of going right increase towards 1, as (z — a) becomes positive,
and that it decrease towards zero as (z — a) is negative and large in absolute value. As an
example, consider the tree of Figure 2.

This simple tree has only two nodes and three leaves, to each of which the probability of
an event is attached, p;, k=1,2,3. Thus an individual of given age and sex is not assigned
to a unique leaf but is distributed across the three leaves with probabilities defined by the
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Figure 1. Hard tree structure. The graph to the left of the node associated to age represents

the decision function of that node, with 1 corresponding to ‘go left’ and 0 to ‘go right’: it

is a step function since the split is ‘hard’. The prediction equation associated to this tree is:

p(z) = piI[sex =M]I[age > 65] + poI[sex =M]I°[age>65]+ p3[°[sex =M], where I[...] denotes a de-

cision function and /=1 — I its complement. Thus, for example, /[age>65] is 1 for an individual
over 65 and 0 for individuals less than 65.
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Figure 2. Soft tree structure. The graph corresponding to age represents now a soft thresh-
old rather than a step function. While very old people and very young people have, re-
spectively, probability (very nearly) 1 and 0 of ‘going left’, all those ‘in the middle’ can
be thought of as being distributed right and left with the probability given by the deci-
sion function represented in the graph. The prediction equation associated to the tree is now
p(z)= piI[sex =M]g(age) + p:I[sex =M]g°(age) + p3[°[sex =M] where now the function g,
represented in the above graph, and its complement g° =1 — g, replace I and I°, respectively.

tree structure; then p(z) is the weighted average of the p;’s with the kth weight equal to
the probability that the individual belongs to leaf k. This probability is easily computed from
the tree diagram by recursively conditioning on the decision taken at each node of which the
leaf is a descendant. See Figure 2 for the example and the Appendix for more details on
the statistical model. Notice that to the ordinal variable age, the diagram does not associate
a question. Instead, the name of the variable is written at the node and at the left and right
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Figure 3. Logistic functions. The flexibility of the logistic function is apparent: it may mimic both
a hard threshold, for very small values of the parameter b, and a linear function, for large b. The
‘interesting’ situation of a soft threshold is obtained for intermediate values of b.

branch issuing from it, the extreme values of the variable ‘old’ and ‘young’ are indicated,
meaning that the extreme cases go to the left or to the right with high probability, while
the in-between cases are distributed left or right with a certain probability, specified by the
shape of the sigmoid function, called the node decision function. In this paper, we will use
the logistic function g(z)=1/(1 + exp(—z)) as our node decision function. Note that in a
certain regions of the z-axis, the function is practically linear, and that by changing the scale
of the z, the transition from 0 to 1 may be made as sharp as one wishes. It follows that if z
only takes values in a finite interval, then one can chose the parameters of the split decision
function so as to represent two extreme cases: a linear function and a step function. This is
illustrated in Figure 3.

Two remarks are in order. First, the model proposed here is not a logistic regression model;
instead, the probability of event occurrence (y=1) is modelled as a mixture of probabilities.
However, ‘local’ logistic regressions (if g is chosen as in this paper) intervene in the definition
of the mixing coefficients. Each logistic regression is based on a single variable selected
by the tree construction algorithm. As remarked by a referee, it is natural to also think of
constructing decision functions based on a// the ordinal variables, a very useful suggestion
for further work. One could also think of substituting the local logistic regressions with
neural nets, as proposed in the machine learning literature (these are called gating networks
in reference [17]). Furthermore, a dependence of the p;’s on the covariates may also be
introduced (in the form of logistic regression or neural nets); this too can be achieved within
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the general machine learning framework outlined in references [17, 18]. An approach of this
type would most likely produce better predictions, but the resulting models become even more
complex to interpret than the present one.

The second remark is aimed at showing that the soft tree proposed in this paper, though
harder to understand than a standard ‘hard’ tree, may in some cases be justified on intuitive
grounds. Consider for example the problem of predicting the probability of death in a given
year on the basis of ordinal and continuous variables such as age and blood levels of several
lipoproteins. Now, we may think of age as a proxy for a binary variable summarizing the
(unknown) extent of coronary arterial damage (low/high) and we may conjecture that such a
latent variable is much more directly related to the outcome in question than actual age. As
for blood levels, we may argue that according to one trend in biomedical thinking, they may
be regarded as proxy for the activation of certain genes. If we knew the extent of coronary
arterial damage and the activation status for these genes, then we would have a set of binary
variables from which to build a standard ‘hard’ tree, and such a model would have a certain
intuitive plausibility. However, given a blood level of a lipoprotein, we may perhaps estimate
the probability that the corresponding gene is activated; this corresponds to estimating a node
decision function in a soft tree. Similarly, age may be the basis for inferring the extent of
coronary arterial damage by modelling the appropriate node decision function. More generally,
soft nodes may be convincing when there is reason to believe that there are latent classes
underlying continuous predictors and that these latent classes are the important determinants
of outcome. Clearly this may seem reasonable in some cases and far-fetched in many other
situations, but this is typical of empirical model building. As all models, the soft tree would
have to be checked carefully; the idea of enriching our approach by allowing all variables
to participate in the decision at each node may be a useful way of checking the soft tree
against a ‘supermodel’ which is more complex but still simpler than a ‘black box’ neural
network.

In summary, our model is a compromise between a standard tree and the much richer, less
interpretable, hybrid neural net model families which are becoming current in the machine
learning literature; it can be seen as the first step in a step-up construction of a general
hierarchy of experts’ models.

3. A TREE-GROWING ALGORITHM FOR SOFT TREES

A standard tree-growing algorithm, such as CART or RECPAM, chooses automatically from
the data the nodes, the questions defining the decision at each node, and the size of the tree.
The algorithm presented in this section, for growing soft trees, is close in spirit to RECPAM,
since it is model-based, see also Clark et al. [2]. The main idea is to recursively enlarge
the current tree by adding one node so as to maximize the predictive ability of the enlarged
tree, this is assessed on the basis of the underlying statistical model. The result is a sequence
of nested trees with increasing apparent predictive ability. Among these, a specified criterion
determines which one to chose in order to avoid overfitting while retaining a good predictive
ability.

We will omit here the details about the numerical algorithm used for fitting a specified soft
tree model. Interested readers are referred to the Appendix.
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Figure 4. Basic operation for enlarging a tree. At each step the algorithm chooses the best node to split
and the best splitting variable.

3.1. The tree-growing algorithm

The basic operation in the algorithm is to enlarge a given tree by adding to it one decision
node. This is done by turning a leaf of the given tree into a node, which will be the ‘parent’
of two new leaves. This can be done in as many ways as there are leaves and as there are
available splits at each leaf. Figure 4 shows graphically the basic operation for the tree of
Figure 1, enlarged by adding a question concerning the variable systolic blood pressure (SBP).

In standard tree growing, an operation of this type is called split. In practice one wants
to avoid splitting a leaf if its ‘children’ are too small and, in certain cases, if it has too
few events of the outcome variable. A one-step augmentation will be called admissible if the
expected number of subjects at the split node is at least s, for specified integer s. Notice that
for standard trees this reduces to requiring a minimum number of subjects in the split node.
Other admissibility conditions could also be imposed such as minimum number of events at
a node, maximum number of missing values at a node etc.

From the pool of admissible splits at a specified node, we want to select the ‘best’ one. For
this we need a measure of the information gained by increasing the complexity of the model.
Let us define the information content of a tree 7 (IC(T')) as the likelihood ratio statistic
comparing the model associated to the tree, with the model associated to the trivial tree
consisting of the root node only; see Kullback [19] for a general treatment of information in
statistical modelling, and Ciampi [20] for an application to tree growing. A formal definition
of the measure of information used is given in the Appendix.

We can now define a measure of the information gained (AIC(7*:7)) by adding a split
to the tree T as the difference in information content between 7' and the augmented tree 7*.
The split with the highest AIC will be selected as the ‘best’ split. A tree-growing algorithm
follows:

1. FIX the admissibility condition s; FIX the selection rule AIC or BIC.

Copyright © 2002 John Wiley & Sons, Ltd. Statist. Med. 2002; 21:1145-1165
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2. STEP 0: INITIALIZE:
Calculate the Information Content of the Trivial tree Tj.

3. STEP K: ENLARGE THE TREE:

Find the optimal admissible one-step augmentation 7.*
4. IF AIC(T : Ty) is too small

THEN STOP;

ELSE, GO TO Step 3.

Two remarks are in order here. First, notice that unlike hard tree-growing, this soft tree-
growing algorithm is global, in that, as soon as a soft node is introduced, all data points
intervene in determining each subsequent step of the algorithm. This results in heavier calcu-
lations, but has the advantage of providing greater stability with respect to slight errors in the
ordinal, as well as avoiding the counterintuitive notion of hard split on a continuous variable.
For example, say the first split of a hard tree is age less than 65 and a 61-year-old patient
is mistakenly coded as being 67. He would be classified with probability 100 per cent in the
high-risk group. However, with a soft tree he might be classified in the high-risk group with,
say, 60 per cent probability and in the low-risk group with 40 per cent probability, so that
everything is not lost. Also, the implied difference between patients 64 and 66 years old is
allowed to have a less dramatic impact.

Secondly, although not immediately apparent, the algorithm presented here does a kind of
pruning which is done in parallel to the tree growing. This is, in fact, one of the pruning
approaches described in the early RECPAM methodology paper [5]. We incorporated in the
program two such methods to correct the overfitting bias, namely, the AIC (Akaike information
criterion) [21] and the BIC (Bayesian information criterion) [22]. These are defined, in our
case, as —2/max+7*n;, where [,y is the maximized log-likelihood, 7 is the number of estimated
parameters in the model and #n; is equal to 2 for the AIC and to the logarithm of the sample
size for the BIC. Both the AIC and BIC curves have a minimum and often an elbow.

The tree-growing algorithm described earlier makes use, at choice, of any of these com-
putationally light approaches to honest tree-selection. However it is not conceptually difficult
to modify the algorithm, so as to make use of the split-sample or V-fold cross-validated
information content curve to select the honest tree.

In summary, the present algorithm can be described as a hybrid of tree growing and adaptive
step-wise regression; at each step, a global regression model is fitted (in tree growing the
regression model is local) by replacing a term in the previous model (in adaptive step-wise
regression one does not replace, but adds). The construction is adaptive, since, at each step,
the term to be replaced is selected through a data-dependent process, and the replacing term is
constructed from a variable, which is selected through, and transformed by, a data-dependent
indicator or decision function.

4. COMPARISON OF SOFT AND HARD TREE APPROACHES

4.1. Cutpoint estimation on simulated data

We first compared the performance of the soft tree algorithm and the hard tree algorithm using
two simulated experiments. In both experiments, 500 samples of size 1000 were generated
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Figure 5. Simulated single split structures: («) hard; (b) soft.

Table 1. Cutpoint estimation using the hard and soft tree approach.

Mean Variance

(a) Observations generated from a hard tree model with cutpoint fixed at 50

Hard tree 50.001 0.0429
Soft tree 49.988 0.1164
(b) Observations generated from a soft tree model with fixed parameters «=—10, b=0.2
Hard tree 50.24 6.2865
Soft tree 50.031 1.0041

from a simple tree structure with two leaves, based on a single continuous predictor z. In
each case, Z was generated once and for all from a continuous random variable z uniformly
distributed in [20, 80] (think of age). ¥ was generated anew for each sample, from a binary
variable y, with p(z)=Pr[y=1|z] given by a tree model.

In the first experiment, data were simulated from a hard tree structure with hard split fixed
at z=>50 (see Figure 5(a)). In the second experiment, data were simulated from a soft tree
structure as in Figure 5(b) with decision function g(—10 + 0.2z), that is, g((z — a)/b), with
a=—0o/f=50, and b=1/f=35. In each experiment we applied both the standard hard tree
method, in which a cutpoint for the variable z is determined to define a split, and the soft
tree approach, in which a decision function is determined by estimating the parameter « and
p in g(o + Bz). The results are presented in Table I; mean and variance are estimated over
the 500 trials.

These results indicate that the soft node approach performs well both when the model is
correct and under model misspecification. In particular, when the data are generated by a hard
tree model, the soft node estimator of the cutpoint (—a/f) seems to have little bias, compared
with the hard tree approach. As expected we observed a moderate increase in variance. In
the second experiment, the hard tree approach has exactly the same behaviour under model
misspecification. However, as shown from the variance estimate of 6.29, the hard tree structure
has greater difficulty in estimating its cutpoint.

4.2. Retrieving a simple structure

We have simulated 1000 samples of size 200 from the model shown in Figure 2. The model
is a simple structure involving the ‘artificial’ demographic variables, age and sex. As with
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Figure 6. Soft tree structure for the Pima Indian data set.

our first simulation study, data were generated, with Z fixed and varying Y from sample
to sample. The predictors were generated once and for all, with: age ~ Uniform[20,80] and
Pr[sex =F]=0.3 with decision function g(—10 + 0.2 age). We expected that our new tree-
growing algorithm would yield the right structure the majority of the time, that sometimes a
smaller structure would be found, and only rarely either the null structure or a larger structure
would be found.

For data generated from the model given in Figure 2, the soft tree algorithm found a two-
leaf structure 31 per cent of the time, a three-leaf structure 66 per cent of the time, and
a four-leaf structure only 3 per cent of the time. The parameters estimates averaged over
the 1000 trials are: p; =0.81, p,=0.72, p;=0.29. It is also interesting to note that when
the hard tree-growing algorithm was applied to the simulated data, the averaged parameter
estimates were: p; =0.78, p,=0.72, p3 =027, —o/f =48.3. The averaged cutpoint estimate
was —o/ff =50.5.

Our experience shows that the two structures of Figure 6 are found in practically all cases
when the sample size reaches 500.

4.3. Empirical study on real data

Six ‘real’ two classes data sets were used to compare the soft node approach to the hard node
approach. All of them are available from the Internet either from the UCI Machine Learn-
ing Repository (Pima Indian, BUPA Liver Disorders, Heart Disease, Breast Cancer) at http://
www.ics.uci.edu/Al/ML/MLDBRepository.html, or http://heswebl.med.virginia.edu/biostat/
s/data/index.html maintained by Dr Frank Harrell (Diabetes 2, Prostate Cancer). For the
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Table II. Data set description.

Original Effective Test Number of
sample size sample size set size predictors
Breast cancer 683 683 68 9(C=9; D=0)
Pima Indian 532 532 50 7(C=17, D=0)
Heart disease 303 296 30 8 (C=5, D=3)
Liver disease 345 345 35 5(C=5, D=0)
Diabetes 2 403 367 37 8 (C=6; D=2)
Prostate cancer 502 482 48 13 (C=10; D=3)

C = continuous predictor, D = discrete predictor.

Pima Indian data set we used Dr Ripley’s version which can be found at http://www.
stats.ox.ac.uk/pub/PRNN. Description of these data sets is also available from the web sites.
Note that for the prostate cancer data set we used the patient status at 2 years, also the Ekg
variable was not used. For all the other data sets the binary outcome was given. Table II
gives a brief description of the data sets. All missing values for the selected predictors were
removed since our program does not handle missing values yet. The effective sample size
column in Table II shows the effect of removing the missing values. The test set sample size
and the number of continuous and discrete predictors are also provided. All simulations were
performed using S-plus 3.2 for Windows.

In accordance with Breiman’s paper on Bagging [23], for each data set we repeated the
following steps 100 times.

1. Randomly select 10 per cent of the data set and keep it apart as a Test set. The second
part is the Practice set.

2. Use the Practice set to build two predictors (the soft node model and the hard node
model).

3. Then, using the Test set, evaluate the model’s performance by computing the test set
misclassification error, the area under the ROC curve and the Brier score. We also looked
at the tree size and deviance.

Model selection was performed using the AIC criterion for the soft tree and 10-fold cross-
validation with the 0-SE rule for the hard tree. We first attempted using the AIC criterion for
hard trees but we were putting the method at a disadvantage since it is well known that it
tends to over-fit the model [15].

The results are shown in Tables III to VIII. Mean and standard deviation over the 100
trials are given, plus the minimum and maximum value obtained during the trials.

From Table III we see that except for the diabetes 2 data set the soft node predictor
outperforms the hard node predictor. The improvement over the six data sets is on the average
4 per cent in favour of the soft tree approach. The most impressive result is obtained for the
liver data set where we found a 13 per cent reduction in classification error. Using paired
t-tests to compare the mean classification error on the same test set, we found the mean
classification error of all the data sets other than diabetes 2 to be statistically different in
favour of the soft node approach.

The hard tree method often produces pure nodes, that is, nodes for which the predicted
probability of event is either 0 or 1. When predicting the probability of event for observations

Copyright © 2002 John Wiley & Sons, Ltd. Statist. Med. 2002; 21:1145-1165



1156 A. CIAMPI, A. COUTURIER AND S. LI

Table III. Test set classification error.

Soft tree Hard tree p-value™

Mean Std Min Max Mean Std Min Max

Breast cancer 3.998 2499 0 1029 531 2715 0 11.76  <0.0001
Pima Indian 22.86 558 12 34 26.12 5.797 10 38 <0.0001
Heart disease 2537 7429 333 4333 33.73 7.803 10 56.67 <0.0001
Liver disease 37.74 7.556 20 5429 50.63 8.634 22.86 71.43 <0.0001
Diabetes 2 15.68 5.34 2.7 27.03 14.62 5.47 2.7 27.03 0.0007
Prostate cancer 36.92 6.92 1875 56.25 39.19 6.65 18.75 60.42 0.0013

*Paired t-test for the difference in classification error.

Table IV. Test set deviance.

Soft tree Hard tree n infinite*

Mean Std Min Max Mean Std Min  Max

Breast cancer 15.87 7.94 4.12 488 20.16 11.02 2.57 58.62 41
Pima Indian 48.03 9.11 3263 71.08 5022 8.05 29.66 68.66 12
Heart disease  33.08 7.93 17.39 64.24 3825 7.01 21.63 55.13 7
Liver disease  45.52 4.09 36.33 5884 4933 298 40.61 63.85
Diabetes 2 28.51 8.08 12.17 5725 29.56 7.83 1442 56.16
Prostate cancer 66.01 7.78 49.72 8573 64.16 438 55.63 80.36

— N =

*The number of infinite test set deviance for the hard tree model.

Table V. Proportion of time the hard test set classification error
(En) is greater than the soft node test set classification error (Es).

EH >ES EH >ES
Breast cancer 58% 84%
Pima Indian 69% 77%
Heart disease 82% 86%
Liver disease 86% 93%
Diabetes 2 3% 78%
Prostate cancer 54% 66%

in the test set, sometimes a probability of 1 (or 0) is assigned to a subject who had no event
(had an event). The consequence is an infinite test set deviance. Since this only happens
for hard trees, we decided to show in Table IV the descriptive statistics for the finite test
set deviance along with the number of time an infinite value occurred. From Table IV we
conclude that the soft models performed well against the hard models.

Table V gives the proportion of time over the 100 repetitions that the hard tree test set
classification error (Ey) was greater than or greater than or equal to the soft node test set
classification error(Es). Over the six data sets, the least amount of the time the soft node
procedure is better or equal to the hard node procedure is 66 per cent. Thus the maximum
number of times the soft approach was outperformed is 34 times out of the 100 trials (prostate
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Table VI. Tree size.

Soft tree Hard tree

Mean Std Min Max Mean Std Min Max

Breast cancer 5.01 0.86 3 8 8.76 3.66 4 17
Pima Indian 6.92 1.19 5 10 5.12 2.05 2 14
Heart disease 9.13 2.11 6 15 3.98 1.74 2 12
Liver disease 3.15 0.41 3 5 1.64 0.95 1 6
Diabetes 2 6 1.29 3 9 2.16 0.84 1 7
Prostate cancer 10.88 3.53 4 18 0.8 0.9 1 6
Table VII. Test set per cent area under the ROC curve (c-index).
Soft tree Hard tree

Mean  Std Min Max Mean  Std Min Max
Breast cancer  99.13 0.82 94.74 100 97.23 1.96 91.76 100
Pima Indian 83.75 542 69.71 9593 7948 585 619 93.21
Heart disease 8134 745 61.38 99.04 6939 932 47.69 91.63
Liver disease 66.29  9.33 44.77 86.84 51.59 585 30.72 75.95
Diabetes 2 7454 10.03 50 100 64.71 11.38 33.33 81.82
Prostate cancer 62.65 7.72 40091 78.15 54.55 6.42 40.3 71.3

cancer). For diabetes 2 both methods yield the same classification error 76 per cent of the
time. The soft approach was outperformed only 20 per cent of the time.

Table VI shows descriptive statistics for tree size. In general, the soft tree size is on the
average larger than hard tree size but its variability is much smaller, which means that the
soft approach yields more stable models.

The area under the ROC curve (Table VII) is another summary measure of the performance
of a predictor. It corresponds to the probability of correctly identifying which of two patients
randomly selected (one from the diseased group and one from the non-diseased group) came
from the diseased group. The soft tree approach uniformly outperforms the hard tree approach,
even for the diabetes 2 data set.

The Brier score (Table VIII) is the average of the squared difference between the prediction
and the observed value. It is a measure of the performance of the model on predicting new
cases. Once again the new method outperforms the hard tree method in achieving lower MSE.

5. ANALYSIS OF THE PIMA INDIAN DIABETES DATA SET

We will illustrate a soft tree analysis, using the Pima Indians diabetes data set modified by
Dr Brian Ripley, which consists of 532 (out of 768 from the original data set) females at
least 21 years old of Pima Indian heritage living near Phoenix, Arizona, U.S.A. The goal was
to predict a binary variable which describes whether the patient shows signs of diabetes ac-
cording to World Health Organization criteria (that is, if the 2-hour post-load plasma glucose
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Table VIII. Test set Brier score (a.k.a. mean squared error).

Soft tree Hard tree

Mean Std Min Max  Mean Std Min Max

Breast cancer  0.0325 0.0165 0.005 0.086 0.0443 0.0197 0.0067 0.0956
Pima Indian 0.1572  0.0312  0.0985 0.2404 0.1714 0.0333 0.0937 0.2733
Heart disease  0.1778 0.03854 0.0785 0.2864 0.2227 0.0438 0.1168 0.3323
Liver disease  0.2292 0.0249  0.1692 0.2992 0.2552 0.0186 0.2134 0.3474
Diabetes 2 0.1199 0.0332 0.041 0.2075 0.122 0.0365 0.047 0.2271
Prostate cancer 0.2367 0.0288 0.1701 0.3296 0.2377 0.0215 0.1954 0.3149

Table IX. Simple summary statistics by disease categories.

Variable Group Mean =+ Std p-value

Number of pregnancies (npreg) Diseased 4.701 +3.919 <0.0001
Not diseased 2.9274+2.787

Plasma glucose concentration (Glu) Diseased 143.14+31.27 <0.0001
Not diseased 110 £24.29

Diastolic blood pressure (bp) Diseased 74.7+12.52 <0.0001
Not diseased 6991 £119

Triceps skin fold thickness (skin) Diseased 3298 +10.4 <0.0001
Not diseased 2729 +10.08

Body mass index (BMI) Diseased 35.824+6.612 <0.0001
Not diseased 31.43 £6.547

Diabetes pedigree function (Ped) Diseased 0.617 £0.399 <0.0001
Not diseased 0.446 +0.299

Age Diseased 3641 +10.84 <0.0001
Not diseased 29.22+9.903

Methodology: Comparison of means is performed with one-way ANOVA.

was at least 200 mg/dl at any survey examination or if found during routine medical care).
The National Institute of Diabetes and Digestive and Kidney Diseases provided the data. The
following continuous predictors were available: number of pregnancies (npreg); plasma glu-
cose concentration at 2 hours in an oral glucose tolerance test (Glu); diastolic blood pressure
(mmHg) (bp); triceps skin fold thickness (mm)(skin); 2-hour serum insulin (mu U/ml); body
mass index (weight in kg/height in m?) (BMI); diabetes pedigree function (Ped); age (years).
Serum insulin was removed from analysis because it had too many missing values.

In Table IX we provide summary statistics for the predictors of disease status. We can see
that there is a strong association between all the predictors and the response variable.

The minimum AIC soft tree is shown in Figure 6 with the expected number of events and
the expected number of subjects in each leaf along with the conditional probability of event
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Glu > 127.5

A] <1655

53

Age>28.5

60
Leaf 1 Age>23.5 BMI>26.35
(0.8833)
62 3 43 0 15 1
105 24 111 18 102 112
Leaf 2 Leazf 3 Le%ufét‘ Leaf 5 Leaf 6 Leaf 7
(0.5905) (0.125) (0.3874) (0.0) (0.1471) (0.0089)

Figure 7. Hard tree structure for the Pima Indian data set.

in parentheses. It shows that Glu, Age, BMI and Ped play an important role in predicting
disease, probably in a non-linear way, as indicated by the asymmetry of the tree (a highly
symmetric tree would suggests that a linear model may be more appropriate to fit the data).
Also, the presence of Ped at a low level may be seen as evidence of interactions, that is, Ped
has predictive value only for a subgroup of patients. This model remains easy to interpret
though slightly more complex than a hard tree (see Figure 7).

The plasma glucose concentration (Glu) shows a very soft split function, which means
that a hard threshold might not be an appropriate representation of the relationship between
Glu and diabetes. Patients with low plasma glucose concentration have high probability of
being sent right. Those with plasma glucose concentration near the inflection point (130.71)
are distributed to the left and right with probability given by the split function curve. For
example, a patient with plasma glucose concentration of 150 has about 70 per cent chance of
going left and 30 per cent chance of going right. Thus, by examining the split functions one
can easily figure out the probability of ending into any of the leaf for a given patient, then
compute the disease probability.

The hard tree of Figure 7 does not look very different from the soft tree. It contains the
same variables, except Ped, and has an asymmetric structure. Glu also defines the first split,
with a hard cut-off point of 127.5, not far from the inflection point of the soft split function
of Figure 6. This difference is not large, nor surprising, in view of the fact, discussed in
Section 4.1, that when a split is soft, the variability of the hard split is substantial. It should
also be remarked that in this hard tree we observe that each of the three (continuous) variables
is repeated twice, which suggests an attempt of the hard tree to mimic a soft one. In contrast,
there is only one repeated variable in the soft tree (BMI).

Table X shows the re-substitution estimates of the four evaluation criteria. The order re-
mains the same as the one found with the full validation approach (see Section 4.3), but,
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Table X. Models’ comparison.

Soft tree Hard tree
Deviance 453.67 448.23
Area under the ROC curve 86.54 85.81
Brier’s score 0.14 0.14
Misclassification error 19.55% 21.05%

as it could be expected, the estimates are uniformly optimistic when compared to those in
Tables III, IV, VII and VIIL

6. DISCUSSION

We have presented an approach to tree growing which replaces hard thresholds based on
continuous variables with soft ones. As in standard trees, each node represents a decision,
which sends a subject to the left or the right branch issuing from it. However, when the
decision is based on a continuous variable, we propose, instead of a binary split, a probabilistic
decision function sending individuals left or right with a probability depending on the value
of the continuous variable. We have shown that, under reasonable restrictions on the shape of
the decision function (sigmoid shape, well represented by the logistic function), it is possible
to develop an algorithm that obtains the decision function from the data. Moreover, complete
tree structures, with soft nodes when applicable, can be grown from the data. This can be
done at a computational cost that, while higher than the cost of a standard tree construction,
remains quite reasonable. On the other hand, some of the appeal of the standard tree is
lost; although we feel that a soft node is not too hard to interpret, at least in certain cases
(see Section 2), it is quite possible that to many other analysts the concept of soft node
and the arguments given in this paper towards interpretation will appear contrived. Are the
increased computational burden and the loss of interpretability offset by gains in predictive
power? We showed on six data sets that the soft tree has a slight edge on the hard tree, while
in some cases the hard tree performs better. We leave to the reader to decide whether this is
enough to warrant further interest in the matter.

We feel that further effort to improve the method presented may be rewarding. For example,
the fact that in some cases the hard tree yields a better predictor is puzzling: indeed the soft
tree contains the hard tree as a limiting case (soft nodes tending to hard nodes), and therefore
in principle one should always do better, or at least not worse, with the soft tree than with
the hard tree. That this is not true, even in only a few cases, can only be a consequence of
the fact that both hard and soft trees are obtained by algorithms that are not guaranteed to
yield an optimal solution; thus, there is room for improvement.

However, even without further improvement, we feel that the idea of soft nodes and soft
trees may be of some practical use in biostatistics. As a first general application, a soft node
may replace the search for harsh cutpoints. Indeed, simulations indicate that the inflection
point of the logistic function yields a reasonable, more stable estimate of a harsh cutpoint (see
Section 4.1). This may not only speed up the computation, as an alternative to the updating
formulae used in tree growing, but may help correcting the bias which favours continuous
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variables over discrete ones in appearing in the tree structure. For example, the AIC associated
with a soft tree penalizes more a continuous variable than the AIC associated with a standard
tree as it counts the two additional parameters associated to the logistic function at each
node. Also, since the search for the cutpoint is ‘smooth’ rather than discrete, the split statistic
(information content) varies smoothly as a function of the parameter representing the inflection
point, in contrast with the highly volatile behaviour of the split statistic in the discrete search.

While we have not given quantitative evidence that the soft tree solves the problems raised
in the introduction, we clearly showed that our algorithm generally produces more efficient
predictors than hard trees on a variety of data sets of clinical interest. This is true indepen-
dently of the criterion of evaluation used (deviance, c-index, Brier’s score and misclassification
error); the most impressive improvement is obtained on the c-index (mean improvement of
about 7.5 per cent). This gain in predictive power may well be due to a more efficient use of
continuous variables (fewer splits on the same variable), as our example of Section 5 seems
to suggest.

As another general application, soft trees may be useful in medical decision. A soft tree
structure identifies just as incisively as a standard tree the key factors that should affect a
decision, and gives as clear prescriptions for the ‘extreme’ cases. However, it also indicates
that borderline cases should be treated with greater discretion and offers for them more cautious
advice.

The method presented in this paper is at its initial stages of development. Further evaluative
work is needed. This necessarily involves working with computer intensive approaches such
as cross-validation and bootstrap. Thus statistical evaluation must be preceded by further
acceleration of the basic EM algorithm used so far. Future work includes a generalization to
multi-class problems and to other types of outcome such as continuous outcome and count
data. Treatment of missing values also requires some generalization of the CART’s approach.

APPENDIX

Al. Statistical model

To the graphical representation of a ‘hard’ tree, we can associate a statistical model, which
will have the general form

p(z)= pili(z) + pla(2) + - - + prli(z) (AT)

where the /’s denote the indicator functions of the leaves of the tree: [;(z) =1 if z belongs to
the subset of the predictor space represented by the kth leaf. Clearly, this defines a mixture
model with mixing coefficients depending (discontinuously) on the covariate vector z. For
the tree of Figure 1, it is easy to re-write equation (Al) as a products of binary variables
representing the binary questions:

p(z)= p1l[sex =M]l[age > 65] + prI[sex =M][[age>65] + p;I[sex =M]

where we have used the following notation: /,(z) is 1 if z is in 4 and 0 otherwise; 4° is the
complement of 4. Notice that /,(z) represents the binary question ‘is z in 4?°. This is true
in general, although a precise notation for the general case would be extremely laborious and
not needed in the present paper.
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For soft trees, the equation of the statistical model for p(z) can be written down in a form
similar to equation (Al):

p(z)= p1Ji(2) + prJa(z) + - - + prJi(z) (A2)

where the J’s are no longer ‘true’ indicator functions. Instead, they are product of terms, one
for each node, just as for the hard tree, except that, whenever the node is defined by an ordinal
variable, the indicator function of the type I4(z), is replaced by a non-negative function with
values in [0, 1], which we shall call split decision function. The decision function has the
form

ozaby=g( 25 (A3)

where ¢ is a sigmoid function, that is, g is non-decreasing with g(—o0)=0 and g(c0)=1. For
consistency, we also substitute to /(z) the complementary function ¢°(z;a,b)=1—g(z;a,b).
For the tree in Figure 2, equation (A2) would be

p(z) = pil[sex =M]y(age; a,b) + p.I[sex =M]yg°(age; a,b) + p3l°[sex =M]

To summarize the general equation (A2), the J’s are products of sigmoid functions, for ordinal
variables, and of indicator functions for nominal ones. The actual form of these product can be
easily written out from the tree diagram. The J’s preserve the property of being non-negative
and of summing to 1 for any value of z. It follows that our model is a mixture model, with
mixing coefficients which are smooth functions of the ordinal variables.

A2. Fitting a soft tree model

To describe the algorithm in greater details, we have to discuss how a given tree model is
fitted and how its predictive ability is assessed.

The problem to solve is the following. A soft tree structure is specified for a data matrix
D=[Y|Z], in the form of equation (A2), except for the leaf probabilities pi, pa,..., p., and
for the parameters (ay, by ), k=1,...,n., appearing in the decision functions (A3) (one pair for
each of the n. nodes defined by an ordinal variable). We want to estimate these parameters
by maximizing the log-likelihood of the data:

N
1(9):;% log p(z:) + (1 — yi)log q(z) (A4)

where 6 denotes the vector of unknown parameters (ay,by), pi, p2,..., P, ¢g=(1 — p), and
p(z) is given by (A2).

The explicit form of the likelihood is rather complex, because of the presence of the J’s
in (A2). On the other hand, if the tree structure was hard rather than soft, with real indicator
function I’s instead of J’s, the maximization of the likelihood would be trivial. One can
think of the /°s as unobserved data. We can assume that for every soft node defined by an
ordinal variable zj, there is an unobserved binary variable (, such that {; =1 represents the
decision ‘go left’ and {; =0 the decision ‘go right’. It follows that if we had ‘complete data’,
(yi,2;,(;), we could associate a hard tree to the soft tree and estimate the p; of equation (A1)
rather easily. Seen this way, the natural method for solving this maximum likelihood estima-
tion problem is the expectation-maximization (EM) algorithm [24], also used by Jordan and
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Table Al. EM algorithm for soft tree estimation.

1. INITIALIZE:
Initial values are assigned for the unknown parameters

2. E-STEP:
Let 0 denote the current estimate of the parameters. Calculate
E[Lk]y; 01 =Pr[{; = 1|y; 0] and substitute this value to {; in
the complete likelihood.

3. M-STEP:
Estimate the unknown parameter using maximum likelihood.

4. UPDATE 0"

5. IF the difference between the updated and previous version of the parameter
estimates is smaller than a fixed &, STOP

6. ELSE, RETURN to step number 2, the E-step

Jacobs [17] in the context of neural networks. One possible drawback of using this technique
instead of a more standard optimization method such as the Newton’s is its reputation of
having slow convergence. However, as stated by Ripley [18], ‘It is unclear whether this rep-
utation is justified as it may be much easier to find a nearly optimal solution (in the sense of
high log-likelihood) than to find the maximizing parameters precisely’. For our simulations,
this was not a major obstacle.

Rather than giving general formulae, we outline here the calculations for the tree of
Figure 2. The model for the complete data can be written as

p(y=1[sex,age, ()= pit M p B pI=g((age — a)/b) g*((age — a)/b)'
giving the complete log-likelihood

1(0) = Zl (niCillsex; =M]log(p1) + (1 — vl [sex; =M] log(1 — py)

+ yi(1 = {)I[sex; =M]log(pa) + (1 — yi)(1 — {)I [sex; =M]log(1 — p2)
+ yil °[sex; = M]log(p3) + (1 — y;)I°[sex; = M]log(1 — p3)}

+ 3 1L log(g((age; —@)b)) + (1 ) log(y((age; — a)/b)))

Notice that the first of the two terms in the above expression is simply a sum of three
binomial log-likelihood’s, one for each leaf. The second term is easily recognized to be the
log-likelihood for a logistic regression on the single variable age, provided we reparameterize
the argument of the logistic function g to « + f§ age, with o= —a/b and f=1/b. Table Al
gives a description of the algorithm which we used for our simulations.

During the E-step, we substitute to (; its expected value given y; and z;, and given the
parameter vector evaluated at the current value of the parameter vector 0. This is calculated
from Bayes theorem as

'l()/a Z79(r)):E[C|y’Z’ e(r)]
_ 9((age — a)/b) pi(1 — p1)' ™"
g((age — a)/b) pi(1 — p1)'=> + g°((age — a)/b) p3(1 — pr)' =
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The M-step consists in maximizing, with respect to 0

[(0)= ijl {yimi(0) [sex; =M]log(p1) + (1 — y)n:(0")I[sex; =M]log(l — pi)

+ (1 = (0N [sex; =M]log(p2) + (1 — y)(1 — n:(87)) [sex; =M]log(1 — p2)
+ yil*[sex; =M]log(p3) + (1 — y;)°[sex; = M]log(1 — p3)}

+ ; {n:(8) log(g((age; — a)/b)) + (1 — n,(8))) log(g°((age; — a)/b))}

where we have set 7;(07)) = n(y;,z;; 0). From the first term of the likelihood, we obtain the
updated estimate for p:

o= Yoy yinid [sex; =M]
! Z;’:l nl«l[sex,» = M]

and similar expressions for the other leaf probabilities. The second term is conveniently max-
imized by iterative reweighted least squares (or any of the well-known algorithms for logistic
regression). This yields the updated estimates for o and f.

In our experience, this approach yields reasonably stable estimates, independent of the initial
condition, provided that we chose ¢ small enough, and provided that some care is taken in
choosing the initial estimate for o and p.

A3. Measure of information

If T(D) denotes a tree constructed from the data matrix D, we shall call the likelihood ratio
statistic, the (observed) information content of T(D), IC(T(D); D). If we dispose of another
data set D', we shall call the likelihood ratio statistics with parameter estimated on D but
calculated with the data of D', the cross-validated information content of T(D), denoted
IC(T(D); D).

Suppose now that for any admissible one-step augmentation 7’ of a tree T we compute
IC(T'(D); D) and the information gain: AIC(7”:T). We will call optimal (admissible) one-
step augmentation of T, the tree T* such that AIC(T*:T)>AIC(T':T) for all (admissible)
augmentations 7’ # 7.
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